Solutions to Problem Set 11

19.5.3 Hoo2 = {hy € D0, 7] : function hy with bounded total variation};o2? is
a linear operator from H,.2 to H,.2, and

0 (14 8)e?2Y (s)hy(s)

o = R e [y iA@Y () ()

Define g(s) = P |:(1+6)eﬁﬁ(),ZZY(s)h2(s)i| 052 (hy)(s) = g(s)hg + o2hg,then oy
1+e707 Ag(u)

is a compact operator, i.e the range of h — o9(h) over the unit ball in
H..2 lies within a compact set. This is because the second term of (1)
is bounded ranging over the unit ball. For any g € H..2, there exists
ho = g2(+)/g(+) € Ho2, then g(-)hy = go. Thus g(+) is onto. It is also
true that

ol beca = (i 96)]) Dalicee = cllaleea

Thus ¢(+) is both continuously invertible and onto.
If we can also verify that o2 is one-to-one, we then have by lemma 6.17
that 22 is both continuously invertible and onto. For any h € H,.2,
03%(h) = 0, we will prove h = 0. Define t — 6ot = Ay + fo(') h(s)dA(s).
032 =0 = P[—2In(0 o t)|;—o) = P[V7(6p)(h)]2 = 0. V*(6)(h) is a
continuous time martingale over u € [0, 7].

Vi = [ (jED (142 + ha(s))dM (s),

where )\90 = %)\gothzo, Ao(u) = " Zap(u)_ and M(u) = N(u) —

1+eB'Z A(u)’
J5 Y (5)Ag,(s)ds is a martingale.



Therefore,

PVT(6)(h)]2 = P[V*(60)(h)]2 + P[VT(60)(h) — V*(60)(h)]2, Vu € [0, 7]
P[V*(6)(R)]2 =0,Yu € [0, 7]

V% 6p)(h) =0, a.sVu € [0, 7]

A7 [ B(5)Y (5)dA(s)
I eﬁf)ZY(s)dAo(s)
= /u h(s)Y (s)dAy(s) =0, a.sVu € [0, 7]
0

- %/OU h(s)Y (s)dAo(s) = h(u)Y (u) =0, a.sVu € [0, 7]

= h(u) =0, asVu € [0, 7]

4d

=0,Vu € [0, 7]

Therefore, 09 is one-to-one since h is arbitary satisfying 03{? = 0.The
desired result follows.

19.5.7 i) Verify Fy = {i(t,5,\) : (t,8,\) € V} is a Py-Donsker.

7 € R* is a regression covariate, restricted in a compact set of R¥,
thus {Z6},{Z}, {ho(w)o} and {ho(w)} are all bounded Donsker
class. Therefore, {e"'? : ||t — || < €} is a bounded Donsker, since
f(z) = e* is a lipschiz continuous function.

Similarly, {(8 —t)"ho(w), |3 = Boll <y, [|t — Boll < €} and

{W 18— Boll <, ||t — Boll < e} are bounded Donskers.

Thus,{% 15 = Boll <, It = Boll < 6} is a Donsker.
Since G = {A(B,A) = (t,5,A) € V} is a subset of the class of
all monotone functions f : [0, 7] — [0, M], which is known to be
Donsker for any probability measure. Since g — g(w),g € G
is Lipschitz continuous, then {A.(3,A)(w),(t,5,A) € V} is a
Donsker. Also, it is bounded. Therefore, {Ze!%A(3, A)(w), (t, 3,A) €



V'} is a Donsker.

{fo(.) ho(s)dA(s), ||[A — Aol < r} has bounded variation over [0, 7].Notice

that s — hy(s) is bounded in total variation. Then { [ ho(s)dA(s) : [|[A — Aol <7}
is bounded Donsker, and {e'Z [\ ho(s)dA(s), (t,3,A) € V} is a
Donsker.

Therefore,{i(t, 3,A), (t, 3, A) € V} is Py-Donsker.
ii) Verify Fo,l(t, 8,A) : (t,8,A) € V is Py-GC.Here,

I(t,8,A) = — ZZ'e"?X\(3,\)(w) + e'? /0 ’ (Zhiy(s) + ho(s)Z")dA(s)

ho(w)hy(w)s
[1+ (6 =) ho(w)]2

From above argument, we have e’ “At(3, A)(w) is a Donsker. hq(s)
is bounded in total variation, then [j" (Zh{s(s) + ho(s)Z")dA(s) is
a Donsker and uniformly bounded. Therefore, e!'ZJo" (Zho(s)+ho(s)27)dA(s)

is a Donsker.

f(z) = 22 is Lipschiz continuous on bounded sets, then {[1+ (5 —
t)'ho(w)]2 : [|B — Boll < n, (|t — Boll < €} is a Donsker, and then

ho(w)h{(w)s

m is a Donsker.

Therefore,{l-(t, B, ), (t,5,A) € V}isaDonsker by Donsker preser-
vation Thm and thus Py-GC.

20.3.4 The likelihood for a sample of n iid observations (Uy, 81, Z1), -« , (Un, On, Zn)

1S

1,(0) = P, {6(loga(u) + 3'Z) — (1 + &) log(1 + e?Z A(u))}

and () = 6(loga(u) + B Z) — (14 6) log(1 + %% A(u)),where a is the



derivative of A.

U (8)() = o0+ ta, A

/ A(U)e?
= az[&—(lw)l“ﬁf—mw)}
eBZ (M his S
Uz[W](h) = 6h(U) = (1+9) 14{065(2131?35)

Q)
(t — Ay(r) = /0 (1+ th(s))dA(s))
VM) = Ui[¥)a) + o))

Condition(20.2):{U[¥](c) : ||¥—¥o|| <€, c € C,} is a Donsker for some
€ > 0;

7 € R¥ in a compact set, then a’Z is a Donsker; f(z) = T4 Is amono-
tone function, therefore AU " is 4 Donsker and thus U, [(V](a) is a

1+eB'Z A(U)
Donsker.

h(s) has bounded variation, so it can be written as the difference of two
monotone functions, and h(s) is bounded Donsker. Similar argument

as what we’ve done, we have {m} A2 [y h(s)dA(s)} are
Donskers. Then Us[V](h) is a Donsker.
Therefore, condition (20.2) follows.

Condition (20.3): sup.ec, o |U[¥](c) — UlWo](c)]> — 0 as ¥ — Wy;

Ul¥](c) is continuous, then |U[V](c) — U[Wol(c)] — 0 as ¥ — W,.
Therefore, condition (20.3) follows.

Condition (20.4): sup.ec, [|o[¥](c)—a[¥o](c)|l(p) — Oas [[¥—Vl|(p) —
0. This follows because U[¥](c) is continuous on W.



By Thm 15.9, ¢ is continuously invertible and onto.By Thm 15.6 \Ifn is
uniformly consistent for Uy, P, W, (¥,)(c) = 0 = o,(n~ 2), because W,
is the maximizer of the log-likelihood. Thus all conditions in Corollary
20.1 are satisfied, and (9n, A,) is asymptotically efficient.



