Solutions to Problem Set 9

15.6.2 Since (1 —G—BBIZA(U))_l = (1 +65/ZA0(U))_1 almost surely, we then
have e#ZA(U) = e%Z Ay(U) almost surely. Because Ay is continu-
ous with density bounded above and below, we can get e#?dA(U) =

ePZdAy(U). Thus, %% jﬁ)((UU)) = ¢%Z almost surely. If we define

a(t) = 52)(8), then this equation is equivalent to e?Za(t) = %% al-
most surely for every ¢t € [0,7]. Noctice that A(t) = Ay(t) for all
t € [0, 7] is equivalent to a(t) = 1 for all ¢ € [0,7]. Therefore, if we
can verify whenever e®Za(t) = %% almost surely for every t € [0, 7],
we have 3 = 3y, a(t) = 1, then the desired result follows. Accordingly,

note

P Za(t) = h? (1)
<~ ['Z+logal(t) = p,2
< (=)' Z=—loga(t)
= var[(8 — (o)’ Z] = var(—loga(t)) =0
= (8- Bo)var(Z)(8 — o) =0
=

B = (o, since var(Z)is positive definite.

Also, we can get a(t) =1 from (1) if we set 5 = fy.

17.4.4 For any y € Ly(0, 1),f01 y*(u)du < oo. Consider y,(u) = y(u)l(
u<l),n=1,2--- We will show:

3=

<

(1) yn € R(T)
(2) llyn =yl —0

and then R(T) is dense in L(0,1).



Therefore, y, € R(T'). Also,

lyn —yll =

Therefore, R(T') is dense in Ly(0,1).

17.4.5 Let A: Hy — Hy and A* : Hy — H;. Decompose D(A*) C Hy (domain
of A*) into R(A) and R(A)*.

Vy € D(A*),y =y + yo, where y; € R(A) N D(A*) and y, € R(A)* N
D(A*). Then we have:

y1 € R(A) = Jz € A,s.t.y; = Az,

Yo € R(A)t = N(A*) = A*yy = 0.

Since A*y = A*(y1 + y2) = A*yy + A*ys, then A*y = A*Ax € R(A*A),
and thus R(A*) C R(A*A).



