Solutions to Problem Set 5

8.5.1 (a) i) Clearly, ||X||, =0, then ¢ (”—‘é”) =0,ie, X =0as.
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laX|l, = inf{c> 0: E¢ (”“X”) < 1}

iii) Since ¢ is a convex function, then if VX, Xy € Hy,c1,¢0 > 0
satisfy Ev (”Ci—lX”) <1,Ev¢ (%) <1, then for 0 < a; <1,
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therefore, {X Ey (‘X|> < 1} is a convex set.
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VX1, X, € Hy, andVe > 0, B¢ (W) < 1,E¢ (




= [ X1+ Xolly < X lly+[[Xally+2€ = [[Xa+Xolly < 1 X0 [ly+[[Xally

(b) For any Cauchy sequence of random variables {X,} € Hy,|| X, —
Xully — 0, X,s are random variables, then they are asymptoti-
cally measurable.

Ve > 0,3M,whenm,n > M, || X,, — X,y < € therefore:

[ Xnlly < [1Xn = Xarlly + [ Xarllo < [ Xarlly + € < o0,

that is: limsup,,_, . || Xn||y < 00, then we can set || X,|, < M.
Ve>0,findcy,s.ty (CMO > %), since 1) is nondecreasing,then
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Then X, is asymptotically tight.

From Prohorov’s theorem, it has a subsequence X/ ~- a tight
Borel law, i.e., X! — X ~ 0, then we can get X/ — X —¥ 0 so
there exists a subsequence {X/'} C X/,and X]! — X —%* 0, and
then ||X |y < [| X)) — X[y + | X ||y < oo, which means X € Hy,.
If X, — X, X, =Y, then

|X =Yy <X = Xally + Y — Xally — 0
= X =Y. Thus X is unique, and the result follows.

8.5.7 The Orlicz norm || - ||y, () is taken over €, €, -+ €, with Xy,---, X,
still fixed, if P(| Y0, ;a5 > 2) < 2e=*2/Clel) - Compared with Lemma
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