6.5.8

6.5.13

Solutions to Problem Set 3

Denote m; as the coordinate projections x +— z(t) on Cfa,b], then
m(x) = (t);

First prove that 7 is continuous: V{z,} C Cla,b],zq — @, |mxs —
mx| = |xo(t) — x(t)] < sup|ea(t) — z(t)| =|| za(t) — z(t) ||, Hence m; is
continuous.

Therefore V open set O, in R,7;(0,) is open; Since the open sets
generate the Borel o-field, 7; (O, ) is contained in the Borel o-field;
Therefore, 7, (O,) is contained in the Borel o-field generated by the
uniform norm, o, C o..

Now we are trying to prove o, C 0,:

Denote B(x,r) ={z:|| z —x ||<r}, i.e B(x,r) is closed balls in o, we
can prove that B(x,r) = ({2 : |max — mz| < r}, where t is rational
number,t € [a, b];

If 2 € Niconaylz * Imex — mz| < r}, here @ is the set of all rational
numbers, then |mx — mz| < r for all t € Q()[a, b];Since @ is dense
in R, then Vt' € [a,0],Ve > 0,3t € Q[)[a,b],s.t |t — /| < €, since
x,z € Cla,b],then Vo > 0,3t € Q([a,b], [t —t'| <€, st |z(t) —x(t)] <
3, |2(t")—=2(t)| < 0;Therefore,|z(t')—z(t")| < |x(t')—z(t)|+|z(t)—2(t)|+
|2(t) — 2(t)] < r+26, then supy gy [2(#) —2(')| <7l 2 — 2 [|[< 7, we
can get z € B(z,r).Hence B(x,r) D ({2 : |mz — mz| <r};

If 2 € B(z,r)ie || z—x [[< 7Vt € [a,b],]2(t) —2(t)] < supyepyy () —
z(t)] =|| z — x ||< rithus we have mz — maz < r for all t € [a,?],
so z € NAz : |mx —mz| < r}t € Qa,b], Hence B(x,r) C
Niconapiz : Imz —mz| <1}

Therefore,we have proved that B(z,7) = (g ani? @ mz—mz| < r}.
Notice that closed balls can generate open balls, therefore closed balls
can generate Borel o-field. Clearly, each open ball is contained in a
closed ball, and each closed ball B(z,r) = {z :|| z — « ||< r} is con-
tained in the open ball B(x,r +¢) ={z:|| z —z [[< r +¢,€¢ > 0}.
Then we get 0, D 0., and the desired result o, = o, follows.

@), |S*— T = |S*—T*+T*—T.| < |S —T* +|T* -~ T <
IS —T|* +T" =T, ;

5" =T =[S = S + Ss = L < |Se =L+ [ = S| = [(-T)" -
(=S) |+ 8 =S, <|-T— (=S)|" +S* =S, <|S—T|" + 5 — S.;



= |S*—T. <|S— T|+(S SONT* —T,)
(b). |S T = (S =Ty V(T =58) <[5+ (=T V[T + (=5)"] =
(5" = T) V(T* —5)
From (a), we know S* =T, < |S—=T|*+(S*—=S,) N(T"—=1T.),T*— S, <
T — S|+(T —T) NS = S,)

= (S = T)V(T" = 8.) < IS — T|* + (5 — S)AT* — T2
Therefore,|S—T|* < (S*=T,) V(T*—5S,) < |S=T|*+(S*—S.) N(T*—
T.)



