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3.5.1

Solutions to Problem Set 1

Let F(s,t) = PI{X < s,Y < t}, Fi(s) = F(s,00), and Fy(t) =
F(o00,t). For each n > 0, choose —00 = 81 < $5 < -+ < 8, = 00 and
—00 =t <ty < --- < ty, = oo such that Fi(s;—) — Fi(sj_1) < n, for
all 1 < j < k’l, and Fg(t]—) — Fg(tj_1> <, for all 1 < j < ky. This
can be done so that both k; and ko are < 24 1/n. Consider the set
of brackets of the form (/,u), where [(X,Y) = 1{X < s;_1,Y <4}
and u(X,Y) = 1{X <s;,Y <t;},for 1 <j <k and 1 <l <ky The
number of such brackets is bounded by (141/7)? by construction. Note
that for these brackets, |[u — I||p, < /", for all 1 < r < oo. Hence,
for F = {1{X < s,Y <t} : s,t € R}, we have Ny(e, F, L1(P)) <
(1+1/e)* and Ny(e, F, Lo(P)) < (1 +1/€*)%

We need to make one more assumption that

[iatiwstn — [intspus as i -0 . 1)

We begin the proof by first showing that
. 2 .
16.0) = [ (o) -5") dn — 0. asi-6] ~0. @

By the mean value theorem, we have for some 6* on the line segment
between 6 and 6 that

16,0 = [ (5.6-00) d

< 1067 [ W IPpg-d
— 0,
as [|§ — 0| — 0 by (1). Hence (2) follows.
Next, we show that (2) implies
[ 5=l — 0. as i~ 6] 0, )
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This follows immediately from the fact that

/Ipé—pe\du = / (1/2+p1/2)du
< \// 1/2 pé/Q dux\// 12 1/2 du

o q1/2
< 2[H@,0)]".

1/2 1/2
" =y

Now, fix h € R¥, let the scalar sequence t — 0, and set dP = pydpu
and dP, = p9+thd,u We have by the mean value theorem that for some
t € [0,t], and with § = 6 + th, the left-hand-side of expression (3.1) of
page 37 of Kosorok (2008) is equal to

/ (h gep;m Y p1/2) dy = /J1J2 (h gep;m Y p1/2) du

+ / (1= i) (Wigmy — Wi pl/z) dy
= At + Bta

where J; = 1{||[0g|| < k1}, Jo = 1{||{;]| < ks}, and 0 < ki, ky < oo are
scalars (to be chosen later).

Clearly,
. . 2
A < /J1J2 [h'(eg—a,)] pgdu+/J1J2(h£) (0Y/* — py/*)?dp

< | / V5 — GolPpadya + [HIPRZE (G, 0)
— 0,

where, in the second-to-last line, the first term goes to zero by assump-
tion and the second term goes to zero by (2).

To facilitate proof that B, — 0, we first argue that

/(1 — Jljg)ﬁé%pédu = /(1 — Jljg)ﬁg%pgd,u + 0(1) (4)



By applying (3) followed by bounded convergence,
/Jngfé%péd,u = /Jljgﬁé%pgd,u + 0(1)
= / Jljgégélepgd/i + 0(1)
Combining this with assumption (1), (4) follows. Hence
B, < 4 / (1= JoJ) (W) podps + o(1)

< 4 / (1= JO)(Wly)2pedy + 4 / Ti(L = o) (W) podpt + o(1)

IA

4||h||2/1{||€e|| > ki ol *podys + AlIIPKT P (145 > k2) + o(1)
= A[[l*Cr(ky) + 4[[l[* kL Ca(k2) + o(1).

Since ki and k9 are arbitrary, we can, for any € > 0, first choose k; > 1
large enough so that C)(k;) < €/(8||h]|?) and then pick k, large enough
so that Cy(ky) < €/(8||h]|?k?), and thus B; < e + o(1). Hence B; — 0
since € was also arbitrary. Thus A; + B; — 0, and the desired result
follows.O



