Solution to Midterm Exam II

. By SLLN,

n n
n' Y XY —as EIXY] = BE[X?], n7') X} —as E[X7).

]
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Thus, B —q.s. 0 from the continuous mapping theorem.

. By the CLT,
n~1/2 ZXz(Yz — BX;) —a N(0, E[X?|Var(e)).
i=1

From the Slutsky lemma,

—1/2 n
n~YV2Y ) Xie;

\/ﬁ(/@ - ﬂ) = 7’L71 anl X2

—a N (0, Var(e)/E[X?).

. Note

T, =(8-0) {—nliYiXi + (ﬁ+ﬂ)n12n:X3}-

i=1 i=1
By the Slutsky lemma,
VnT, — BE[X?|N(0,Var(e)/ E[X?)).
. (a) It follows from the continuous mapping theorem with g(x) = max(z,0).

(b) Note

Note

P(vn(B—B) <z,6<0) < P(B<0)<P(6-8>p) — 0.



Thus,
P (VB = B) <) = P(v/a(3 - B) < z)| = 0.
That is, the limiting distribution is the same as \/n(3 — f3).

When g =0,

VB = max(y/n3,0) —4 max {N(0, (0, Var(e)/ E[X?])),0}
by the continuous mapping theorem.

1 — F(x) = P(|X1| > x) < mg/ab.

P(max; |X;| > vid) = 1 — [LP(Xi| < Vas) = 1 — F(yad)" < 1 — (1 —

me/n38%))". Since (1 — z)" > e "%,

ZP(maX | X;| > v/nd) < Z(l - e_mﬁ/"Q‘sG) < Zm6/n256.

n

The result holds.

It follows from the first Borel-Cantelli lemma that max; | X;|/v/n < ¢ with prob-

ability one for large n and for any § > 0. That is, max; | X;|/\/n —4.s. 0.
Note
n
= Z Wni€i,
i=1
where wy; = n~2X; /(% X?/n). Clearly, max; [wni| = max; /n|X;| /(X0 X?/n) —
0. The Lindeberg-Feller condition can be verified using the same arguments as

proving the weighted CLT, except that the arguments are condition on X1, Xo, ....

Particularly, 02 = nag/ S X? with 05 = Var(e) and for any n > 0,

1 n
UTZE wmezl wni‘ﬁz” > 77(7n)|X1, ,Xn]
n =1
1 n
< ;%;E 1(jex| > non/ max foni)| X1, .., X

= 0, "Bl (|| > now/ max|wnil)] —a.s 0.

a.s.



From the Lindeberg-Feller CLT,

n
ot Zwmei —4q N(0,1).
=1

Since 02 — .. US/E[XQ], we conclude that condition on X1, ..., X,

V(B — B) —a N(0,02/E[X?)).



