
Solution to Midterm Exam II

1. By SLLN,

n−1
n∑

i=1

XiYi →a.s E[XY ] = βE[X2], n−1
n∑

i=1

X2
i →a.s E[X2].

Thus, β̂ →a.s. β from the continuous mapping theorem.

2. By the CLT,

n−1/2
n∑

i=1

Xi(Yi − βXi) →d N(0, E[X2]V ar(ε)).

From the Slutsky lemma,

√
n(β̂ − β) =

n−1/2 ∑n
i=1 Xiεi

n−1
∑n

i=1 X2
i

→d N
(
0, V ar(ε)/E[X2]

)
.

3. Note

Tn = (β̂ − β)

{
−n−1

n∑

i=1

YiXi + (β̂ + β)n−1
n∑

i=1

X2
i

}
.

By the Slutsky lemma,

√
nTn → βE[X2]N(0, V ar(ε)/E[X2]).

4. (a) It follows from the continuous mapping theorem with g(x) = max(x, 0).

(b) Note

P
(√

n(β̃ − β) ≤ x
)

= P (
√

n(−β) ≤ x, β̂ < 0) + P (
√

n(β̂ − β) ≤ x, β̂ ≥ 0).

Since P (
√

n(−β) ≤ x, β̂ < 0) = 0 for large n,

P
(√

n(β̃ − β) ≤ x
)

= P (
√

n(β̂ − β) ≤ x, β̂ ≥ 0)

= P (
√

n(β̂ − β) ≤ x)− P (
√

n(β̂ − β) ≤ x, β̂ < 0).

Note

P (
√

n(β̂ − β) ≤ x, β̂ < 0) ≤ P (β̂ < 0) ≤ P (|β̂ − β| > β) → 0.

1



Thus,

|P
(√

n(β̃ − β) ≤ x
)
− P (

√
n(β̂ − β) ≤ x)| → 0.

That is, the limiting distribution is the same as
√

n(β̂ − β).

(c) When β = 0,

√
nβ̃ = max(

√
nβ̂, 0) →d max

{
N(0,

(
0, V ar(ε)/E[X2]

)
), 0

}

by the continuous mapping theorem.

5. (a) 1− F (x) = P (|X1| > x) ≤ m6/x6.

(b) P (maxi |Xi| >
√

nδ) = 1 − ∏
i P (|Xi| ≤

√
nδ) = 1 − F (

√
nδ)n ≤ 1 − (1 −

m6/n3δ6))n. Since (1− x)n > e−nx,

∑
n

P (max
i
|Xi| >

√
nδ) ≤

∑
n

(1− e−m6/n2δ6
) ≤

∑
n

m6/n2δ6.

The result holds.

(c) It follows from the first Borel-Cantelli lemma that maxi |Xi|/
√

n < δ with prob-

ability one for large n and for any δ > 0. That is, maxi |Xi|/
√

n →a.s. 0.

(d) Note
√

n(β̂ − β) =
n∑

i=1

ωniεi,

where ωni = n−1/2Xi/(
∑n

i=1 X2
i /n). Clearly, maxi |ωni| ≡ maxi

√
n|Xi|/(

∑n
i=1 X2

i /n) →a.s.

0. The Lindeberg-Feller condition can be verified using the same arguments as

proving the weighted CLT, except that the arguments are condition on X1, X2, ....

Particularly, σ2
n = nσ2

y/
∑

i X
2
i with σ2

y = V ar(ε) and for any η > 0,

1
σ2

n

n∑

i=1

E[ω2
niε

2
i I(ωni|εi| > ησn)|X1, ..., Xn]

≤ 1
σ2

n

n∑

i=1

E[ω2
niε

2
1I(|ε1| > ησn/max

i
|ωni|)|X1, ..., Xn]

= σ−2
y E[ε21I(|ε1| > ησn/ max

i
|ωni|)] →a.s 0.
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From the Lindeberg-Feller CLT,

σ−1
n

n∑

i=1

ωniεi →d N(0, 1).

Since σ2
n →a.s. σ2

y/E[X2], we conclude that condition on X1, ..., Xn,

√
n(β̂ − β) →d N(0, σ2

y/E[X2]).
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