BIOS 760 MIDTERM 11, 2017

1. (5 points) Let Xi,..., X, be ii.d. real random variables with finite mean p and finite

variance o2. Shoe that

almost surely, as n — oo.

2. Assume the pairs of real random variables (X1,Y7),...,(X,,Y,) are i.i.d., with EX; =
fe, EY1 = piyy, var(Xy) = o2, var(Yy) = o7, and cov(Xy, Y1) = v, with E(X; — ,)* < 00
and F(Y; — p,)* < oo. Define

U, = 2 3 (X — X;) (i - V)

Do the following:

(a) (5 points) Explain why U, is a second order U-statistic with kernel

(Xh - X5) (V1 — V)

h((Xlan)v(XQvYé)) = 9 )

and verify that Fh%((X1, Y1), (X, Y2)) < co.
(b) (5 points) Verify that v/n(U, —v) —4 N(0,7?), where
72 = deov [ (X1, Y1), (X2, Y2)), h((X2, Y1), (%2, V2)]
where the pair (X3, Y3) has the same joint distribution as (X1, Y1) but is independent
of both (X3,Y7) and (X3, Ys).
(c) (5 extra credit points) Assume now that X; and Y; are independent for all i > 1,

and define S2 =n~' 3" (X; — X,)? and S2 =n~' )" | (V; — Y,)% Show that

vnU,
- N(0,1
SgpSy —d (07 )7

as n — 00.
3. (5 points) Let Zy, Zs, ... be i.i.d. N(0,1). Define X; = [(1+ Z;)* — 1] /3 and, for all

n > 1, also define X, 11 = [(X,, + Zn41)® — X3] /3. Let F,, = 0(X31,...,X,). Show that
(Xn, Fn) is a martingale and that EX,, = 1 for all n > 1.



