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1. (5 points) Let X1, . . . , Xn be i.i.d. real random variables with finite mean µ and finite

variance σ2. Shoe that

n−1

n∑
i=1

(Xi − X̄n)2 → σ2

almost surely, as n→∞.

2. Assume the pairs of real random variables (X1, Y1), . . . , (Xn, Yn) are i.i.d., with EX1 =

µx, EY1 = µy, var(X1) = σ2
x, var(Y1) = σ2

y, and cov(X1, Y1) = v, with E(X1− µx)4 <∞
and E(Y1 − µy)

4 <∞. Define

Un =
2

n(n− 1)

∑
1≤i<j≤n

(Xi −Xj)(Yi − Yj)
2

.

Do the following:

(a) (5 points) Explain why Un is a second order U-statistic with kernel

h((X1, Y1), (X2, Y2)) =
(X1 −X2)(Y1 − Y2)

2
,

and verify that Eh2((X1, Y1), (X2, Y2)) <∞.

(b) (5 points) Verify that
√
n(Un − v)→d N(0, τ 2), where

τ 2 = 4cov
[
h((X1, Y1), (X2, Y2)), h((X1, Y1), (X̃2, Ỹ2))

]
,

where the pair (X̃2, Ỹ2) has the same joint distribution as (X1, Y1) but is independent

of both (X1, Y1) and (X2, Y2).

(c) (5 extra credit points) Assume now that Xi and Yi are independent for all i ≥ 1,

and define S2
x = n−1

∑n
i=1(Xi − X̄n)2 and S2

y = n−1
∑n

i=1(Yi − Ȳn)2. Show that

√
nUn

SxSy

→d N(0, 1),

as n→∞.

3. (5 points) Let Z1, Z2, . . . be i.i.d. N(0, 1). Define X1 = [(1 + Z1)
3 − 1] /3 and, for all

n ≥ 1, also define Xn+1 = [(Xn + Zn+1)
3 −X3

n] /3. Let Fn = σ(X1, . . . , Xn). Show that

(Xn,Fn) is a martingale and that EXn = 1 for all n ≥ 1.
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