
Solution to BIOS 760 Midterm Exam II (Fall, 2016)

1. (a) (2 points) The Slutsky’s theorem.

(b) (3 points) Let Xn “ Z „ Np0, 1q and Yn “ Y independent of Z. Then Xn Ñd ´Y

but Xn ` Yn „ Np0, 2q and X ` Y “ 0.

(c) (5 points) Consider the characteristic functions and we obtain φXn`Y ptq “ EreitpXn`Y qs “

EreitXnsEreitY s Ñ EreitX̃sEreitY s “ EreitpX̃`Y qs.

2. (a) (3 points) varpȲnq “ n´2
řn

k“1 σ
2
k ďM2{nÑ 0. Yn Ñp µ follows from Chebyshev’s

inequality.

(b) (2 points)

Ȳn ´ µ
a

n´2
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2
k
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ÿ
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a
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k

Zk.

Since

maxk
σk

a
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2
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ď
M

?
nm2

Ñ 0,

the weighted CLT gives

Ȳn ´ µ
a

n´2
řn

k“1 σ
2
k

Ñd Np0, 1q.

(c) ( 2 points)

varpYwnq “

n
ÿ

k“1

w2
kσ

2
k.

Minimizing varpYwnq subject to constraint
ř

k wk “ 1 gives the optimal weights to

be

wk “
1{σ2

k
řn

k“1 1{σ2
k

.

(d) (3 points)

Ywn ´ µ
a
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´2
k

Zk.

It converges in distribution to Np0, 1q follows the weighted CLT since

max
k

σ´1k
b
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Ñ 0.
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