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1. Let X be a positive random variable with density:

pθ(x) =
x

θ
e−x

2/(2θ), x > 0,

where 0 < θ <∞. Do the following:

(a) (3 points) Show that {pθ} is a one-parameter exponential family with canonical

parameter η(θ) = −1/(2θ).

(b) (3 points) Show that the moment generating function for T (X) = X2 is MT (X)(t) =

(1− 2θt)−1.

2. Let X : Ω 7→ R be a measurable function on the measure space (Ω,A, µ), where µ(Ω) <

∞ and |X| <∞ almost everywhere, and define

Yn =

(
X

1 + |X|

)n
.

Do the following:

(a) (3 points) Show that Yn →a.e. 0 and Yn →µ 0.

(b) (4 points) Show that
∫
Yndµ→ 0.

3. Let (X1, Y1) and (X2, Y2) be two independent pairs of random variables with (Xj, Yj)

being bivariate normal with mean zero and covariance

Σ =

(
4 2ρ
2ρ 1

)
,

for j = 1, 2, where |ρ| ≤ 1. Let ℵ1 be the σ-field generated by Y1 and Y2 (i.e., ℵ1 =

σ(Y1, Y2)), and let ℵ2 be the σ-field generated by Z = max(Y1, Y2) (i.e., ℵ2 = σ(Z)). Do

the following:

(a) (3 points) Show that E[X1|ℵ1] = E[X1|Y1] = 2ρY1.

(b) (4 points) Show that ℵ2 ⊂ ℵ1.

(c) (5 bonus points) Show that

E [X1| ℵ2] = ρ

(
Z − φ(Z)

Φ(Z)

)
,

where φ(x) is the standard normal density at x and Φ(x) =
∫ x
−∞ φ(u)du.
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