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1. Let X,..., X, be iid from N(0,1). Suppose that Y; = X, + ¢,i = 1,...,n, where
€1, .-, €, are i.i.d from N(0,0?) and they are independent of X’s. We define a weighted
least-square estimator for 5 as the one minimizing

2”: w;(Y; — BX;)?,

=1

where w = (wy, ..., w,) is constant and w; > 0,i =1,...,n,

(a) (4 points) Show that the weighted least estimator associated with weight w is given

as
5 Do wiYe X
Buw = " ., Y2
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(b) (4 points) Show that Var(8,) is the smallest if we choose wy = ... = w,, = 1. Hint:
first show w; = ... = w,, = 1 minimizes Var(Bw]Xl, ey Xn).

(¢) (4 points) For this optimal weight, what is the distribution of /3,,?

2. Let (2, A, P) be a probability measure space and X is a non-negative measurable func-
tion (random variable) defined on Q. Assume that E[X]| = [, X (w)dP(w) is finite. For
any set A € A, we define a set function v(A4) = [, X (w)dP(w).

(a) (6 points) Show that v is a measure in (£2,.4).

(b) (6 points) Show that v is dominated by P. What is the Random-Nikodym derivative
dv/dP?

(c) (6 points) Note that X is a measurable function from (€2, A, P) to (R, B) where B
is the Borel o-field. Thus, there exists an X-induced measure, Py, for (R, ). On
the other hand, X is also a measurable function from (92, 4,v) to (R, B) so there
is another X-induced measure, vy, for (R, ). Show that vy is dominated by Py

and give the Random-Nikodym derivative dvx /dPx.



