Solution to BIOS760 Midterm 2008

(a) Tplge ™™ = Yo2g(e®)? = (1 —e )~ Thus ¢; = 1 —e™* Since Jy e du =
al(l1—e), co=a(l —e )7L

1. Note that

PX<z) = PY>|z|,X<z)+PY =|z],X<z2)+PY < |z],X <ux)

== b1+b2+b3.

Since P(Y > [z|) = P(Y > |z| + 1) and P(U = 0) = 0, we have b; = 0.
Since P(Y < |z],X < z) = P(Y < |z] —1,U < 1)and P(U < 1) = 1,
by = P(Y < |z]). Finally, since by = P(Y = [z],X <z)=P(Y = |z],Y+U <
z)=PY = |z|,U < x— |z]), the desired conclusion follows.
ii. By independence of U and Y, P(Y = |z|,U <z — |z]) = I{z > 0}cie e,
X fOr—LrJ e~ du = I{x > 0}cicpe” g~ (1—emamtale]) = [{z > 0} (e‘“m - e_“x).
Since also
lz] -1
PY < |z]) = alfz>1} Y %
y=0

1 — ez
= alfe20o———

= Nz >0} (1-ele),
we obtain that P(X < z) = I{z > 0} (1 — e~ ).
iii. This is the exponential distribution.

(a) The field C consists of all possible sets obtained from finite set operations on A, A

and Aj. Since these sets are disjoint, we obtain that
C = {(Z), Al, AQ, Ag, Al U AQ, Al U Ag, A2 U Ag, R} .

Since a finite field is a o-field because it is closed under countable set operations, C

is also a o-field.
(b) Since Y is a simple function of sets in C, it is measurable with respect to C.

(c) The conditional expectation F[X|C] is defined as the unique quantity that is (i)
measurable with respect to C and (ii) satisfies [, E[X|C|dP = [, XdP for all G € C.



That Y satisfies (i) follows from part (b) above. For (ii), if we can find p; such that
fAj pila,dP = fAJ_ XdP, we are done. But this just requires

fa, XdP
/’l’] - fAJ_ dP )

which is well defined for the normal distribution.
Since X is standard normal, we have for any 0 < a < b < 00,

b2/2 6_[7'2/2 — €_b2/2

b 1 b 2 1
zdP = —/ e " Pdy = —/ e “du =
/a V21 Ja V2 Ja2/2 2T

Thus, letting ® be the cumulative distribution function for a standard normal, we

have
B -1 =2

= are0) ~ Ver
1—e 12

H2 = )

V2r(®(1) — €(0))

o—1/2

Hs =

V2r(1—a(1))

By Holder’s inequality, we have for any p > 1 and a = p/(p — 1) that

1/p 1/a
[1gghidn < ([ 177an) " ( [lohlan)
Also, for s = q(p — 1)/p and v = r(p — 1)/p, we have by reapplication of Holder’s
1/s 1/v
/\gh|“du < (/\glasdu) (/Ihlm’du> :

1 1 11
Syt 4 P2 __ P <—+—>=1.
s v q(p—-1) r(p—-1) p—-1\g¢g r

The desired result now follows since as = ¢ and av = r.

inequality that

since

Using the above with p = 2 and ¢ = r = 4, we obtain that

n n

BIXY, 2, < (Bx2)" (Bvi)"" (B1220) "

The desired result now follows.



