Solution to BIOS760 Midterm 2007
(a) Note
Cov(Zy — pZy, Zy) = 0.
Thus, Z; — pZ, is independent of Z,. Moreover, since Zy ~ N(0,0?) and
7y — pZy ~ N(0, (1 — p*)o?).
Hence,

(Z1 — pZy)2 VI=p* "

(b) The density is
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It is a 2-parameter exponential family. Let
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Then the density can be rewritten as
1 .
oxp {m(Zf + 23) + 12 2o + 5 log (4] — 775)} /2pi.

(c) Treating 7y as the only parameter, we obtain the moment generating function for

ZIZQ is
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exp {—; log(4; — (2 +1)°) + ;log(élnf - n%)} = $
Its second derivative at ¢ = 0 is
(1+2p%)0".
Thus, E[Z272] is (1 + 2p?)o?.

(a) Note Ar({0}) = 0 but A\g({0}) = 1 and Ap((0,1]) =1 —e~* but Ag((0,1]) = 0.

(b) Clearly u(@) = 0 and u(R) = 1. Since Ar and Ag both satisfy countable additivity,
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(¢) For any z¢ > 0,
{z: f(x) <z} ={x:2<2logxy} € B;

for any xo <0, {z : f(x) <xo} =0 € B. Thus, f(z) is a random variable.
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(b) Since |X,| < |X| and X,, —, 0, by DCT, E[X,] — 0.

(c) Since n|X,| =n|X|I(|X]| >n) < | X2 I(]X] > n) < |X|* and the same argument as
in (a) gives nX,, —, 0, by DCT, nE[X,] — 0.



