SOLUTION TO BIOS260 FINAL EXAM

L. (a) X, =as. X =X, =, X = X, =4 X.
(b) Let U be a r.v. and U ~ Unif(0,1). Define Xor,,, = I(3 < U < Zf%) for
k=0,1,2,...and m =0, 1,...,2F — 1. Then X,, —, 0 but X,, does not converge to
0 almost surely.

(c¢) Let X and Y be independent random variable and follow N (0, 1). Define X,, = X.
Then X,, —; Y but X,, does not converge to Y in probability.

2. (a) The likelihood function is given by
A ] wiexp{=XA>_wiXi} (X > 0).
i=1 i=1

This is a one-parameter exponential family with complete sufficient statistics

Tn = ZWZX
i=1
(b) Since E[T},] = n/A, the UMVUE for 1/\ is T,,/n.
(c) The variance the UMVUE is Y1 w?Var(X;)/n* = 1/(nA\?). On the other hand,
E[l\] = —n/)2.

Then the C-R bound for 1/ is given by 1/(nA?). The UMVUE attains this bound.

(d) The score equation is
A
Thus, the MLE for 1/) is equal to T,,.

(e) We derive the asymptotic distribution of \/n(T,, — E[T,])/\/Var(T,), which is
equal to

Z wiX; — 1/A)A
Note w; X; are i.i.d with distrlbutlon Aexp{—Az}. From the CLT,
VINT, — 1/X) —4 N(0, 1).
3. (a) (Y1, Ys;) follows a bivariate-normal distribution with mean (u, 1) and covariance

Y’ equal to

(37 1)

1 1+0%)"

The joint log—likelihood function is

—nlog{2m/ } YM fh, Yo — )51 (27’ : Z) = —nlog {271'\/0’4 + 202}

7(1/ )2 L(Y )(y )+1+702<y )2
o 17 )% 0_4 + 202 14 H 21 H 0_4 + 20_2 2% % .



(b) By direct calculation,

. —2_ 0
_ — o*+2
Elly] < 0 *) :
Thus, the efficient information bound for u is (62 + 2)/2. The efficient influence

function is given by

o) (7R 0 ERt ) Z Dy - )

(¢) The joint density of (Yi;, Yo, X;) is

W exp{— (Vi — X0)2/20% — (Yo — X,)%/20% — (X; — n)?/2}.

Thus, the complete score equation is

n 1 & 9 21
- +2U4;{(Yﬂ—xi> + (Yo — X;)?} =0.

(d) Since (X;, Y1, Yis) follows a multivariate normal distribution with mean (pu, p, 1)

and covariance matrix
1 1 1

1 1402 1
1 1 1+ 02

The conditional distribution of X; given Y;; and Y, is a normal distribution with
mean , )
I+o 1 A Ya—p
wr ) () (B T0)

o (57 L) ()

(e) The conditional expectation of the complete score equations given the observed
data is

and variance

n

Z(E[Xi|yil7 Yio] — 1) =0,

=1
n 1 & 9 9 2 _
A=) (Y2 +Y3 =2V + Ya) B[X,|Yir, Yio] + 2E[X7|Vn, Yo } = 0.
Then, in the M-step, we compute

> E[Xi|Ya, Yl

=1

:M—‘

and

n

1
0? = — S {V3+ Y3 - 2(Ya + Ya) E[X|Yay, Yia + 2E[X7|Yin, Yol }

=1



The two expectations E[X;|Yi1, Yis| and E[X?|Y;, Yie] are calculated in the E-step.
Specifically,

Yin — pp+ Yo —
E[Xi|Y;, Y] = p+ L KT T2 TR

2+ o2
Yio —p+ Yo —p ? o’
E[X?|Yy,Y: :{ } :
[ zl il 12] /~L+ 2+0_2 2_|_0.2

As a result, at the kth iteration, the EM gives

3 _ _
(k1) — () (0) o2 You + Yoo

p I RAPSIOR

Vi + Yy — 2™
2+ 0-2(k)

1 n
o = Y [Yﬁ + Y3 = 2(Ya + Ya) (1 +
=1

2 (k)
+2d Vi1 + Yo; — 2u® 20°
2 + g2k




