BIOS 760 Final, 2014

1. Let X1,..., X, beiid. with density 5%ze~?* on the positive reals, where 0 < 8 < o0,
and let U,, = > | X;. Do the following:

(a) (3 points) Show that U, is a sufficient and complete statistic for estimating 3, and
derive the density of U,.

(b) (3 points) Compute the UMVUE of 3, which we will denote B, and give the mean
squared error (MSE) of B, and let this MSE be denoted M,,.

(¢) (3 points) Compute the MLE of 3, which we will denote £3,, and give the MSE of
Bn, and let this MSE be denoted M,,.
(d) (3 points) Show that
N - 332
M, = .
(2n —1)(2n — 2)

() (2 bonus points) What happens to M, and M, when n = 1?

2. Let X1,..., X, be iid. with density Be="?/2 + 322¢=%%/2 on the positive reals, where
0<fB<oo. Let X, =n"1>" X, and do the following:

(a) (3 points) Let 3, = 3/(2X,,) and show that \/n(f3, — ) is asymptotically normal
with mean zero and variance 02(f3;), and give the form of o2(y), where 3, is the

true value of f3.

(b) (2 points) Derive the score function £3(X;) for a single observation and show that

the Fisher Information for this model is

1 pX°
b= {1 o ((1 +BoX)2)] |

(c) Let
_ 1 RN X?
b= 1473 (<1+m>2)]’
and show that e
Bn — G, + n- Zi:1~gén(Xi)

L (Bn)

is an asymptotically regular and efficient estimator of 3y using the following steps

(over):



ii.

(3 bonus points) Show that for any g sufficiently close to [y,

) 418 - Byl
|In(/3) ]n(60)| < (ﬁ/\ﬁo)?”

where A denotes the minimum, and verify that I,,(5}) converges to [y in prob-
ability whenever 3 converges to fy in probability.
(3 points) Show that
\/E(Bn - 60) - n_1/2 Z I()_léﬁo (Xl) + OP(1>7
i=1

and state why this completes the proof.



