
BIOS760: SOLUTION TO 2013 FALL SEMESTER FINAL EXAM

1. (a) Tn =
∑n

i=1Xi is the complete and sufficient statistic for λ and Tn ∼Poisson(nλ).
Let E[g(Tn)] = eλ. This gives

∞∑
k=0

g(k)(nλ)k/k! = e(n+1)λ =
∞∑
k=0

(n+ 1)kλk/k!.

Thus, g(k) = (1 + 1/n)k so the UMVUE is (1 + 1/n)Tn .

(b) The information for λ is E[Tn/λ
2] = n/λ. Thus, the information bound for eλ is

e2λλ/n. The variance of UMVUE is

E[(1+1/n)2Tn ]−e2λ =
∞∑
k=0

(1+1/n)2k(nλ)ke−nλ/k!−e2λ = e2λ+λ/n−e2λ = e2λ(eλ/n−1)

so it does not attain this bound.

(c) The MLE for λ is Tn/n so the MLE for eλ is eTn/n. Thus,

√
n(eTn/n − eλ) →d N(0, e2λλ).

(d) The variance of the MLE is

E[e2Tn/n]− E[eTn/n]2 =
∞∑
k=0

e2k/n(nλ)ke−nλ/k!− [
∞∑
k=0

ek/n(nλ)ke−nλ/k!]2

= enλe
2/n−nλ − [enλe

1/n−nλ]2.

The relative efficiency is given by

e2λ(eλ/n − 1)

enλe2/n−nλ − [enλe1/n−nλ]2
.

2. (a) It is
n∏

i=1

[
(2πσ2)−1/2e−(Yi−βXi)

2/(2σ2)e−X2
i /2P (R = 1|Yi, Xi)

]Ri

×
[∫

x
(2πσ2)−1/2e−(Yi−βx)2/(2σ2)e−x2/2P (R = 0|Yi, x)dx

]1−Ri

.

(b) The M-step is to maximize

n∑
i=1

Ri

[
−1

2
log σ2 − 1

2σ2
(Yi − βXi)

2
]

+
n∑

i=1

(1−Ri)E
[
−1

2
log σ2 − 1

2σ2
(Yi − βXi)

2
∣∣∣Yi

]
.

Therefore,

β =

∑n
i=1RiYiXi +

∑n
i=1(1−Ri)YiE[Xi|Yi]∑n

i=1RiX2
i + (1−Ri)E[X2

i |Yi]

1



and

σ2 = n−1
n∑

i=1

{
Ri(Yi − βXi)

2 + (1−Ri)E[(Yi − βXi)
2|Yi]

}
.

The E-step computes E[Xi|Yi] and E[X2
i |Yi] for Ri = 0. Since (Xi, Yi) is bivariate

normal with mean zero and covariance matrix(
1 β
β β2 + σ2

)
.

Thus,

E[Xi|Yi] = β/(β2 + σ2)Yi, E[X2
i |Yi] = 1− β2/(β2 + σ2) + E[Xi|Yi]

2.

(c) In this case, the M-step is to maximize

n∑
i=1

Ri

[
−1

2
log σ2 − 1

2σ2
(Yi − βXi)

2
]

+
n∑

i=1

E

[
−(1−Ri)

2
log σ2 − 1

2σ2
(1−Ri)(Yi − βXi)

2
∣∣∣Yi

]
.

Thus,

β =

∑n
i=1RiYiXi +

∑n
i=1 YiE[(1−Ri)Xi|Yi]∑n

i=1RiX2
i + E[(1−Ri)X2

i |Yi]

and

σ2 = n−1
n∑

i=1

{
Ri(Yi − βXi)

2 + E[(1−Ri)(Yi − βXi)
2|Yi]

}
.

The E-step computes

E[(1−Ri)|Yi], E[(1−Ri)Xi|Yi], E[(1−Ri)X
2
i |Yi]

and notice Ri = I(Xi > 0).
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