Introduction

e Why large sample theory

— studying small sample properties is usually difficult
and complicated

— large sample theory studies the limit behavior of a
sequence of random variables, say X,,.

— example: X, — u, v/n(X, — )
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Modes of Convergence

e Convergence almost surely

Definition 3.1 X, is said to converge almost surely to
X, denoted by X,, —, X, if there exists a set A C ()
such that P(A°) =0 and for each w € A, X,,(w) — X(w)

in real space.

- /




mmmmmmmmmm




-

e Fquivalent condition

{w: Xp(w) = X(w)}*
= Ueso Ny {w = sup | Xn(w) — X(w)| > €}

m>

X’n _>Cl,.8. X iﬁ
P(sup | X,, — X|>¢€) —0

m>n
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e Convergence in probability

Definition 3.2 X, is said to converge in probability to
X, denoted by X,, —, X, if for every € > 0,

P(| X, —X|>¢€¢) — 0.




mmmmmmmmmm




4 N

e Convergence in moments/means

Definition 3.3 X, is said to converge in rth mean to X,
denote by X, —, X, if

E||X,—X|"] — 0 as n — oo for functions X,,, X € L,.(P),
where X € L,.(P) means [|X|"dP < oo.
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e Convergence in distribution

Definition 3.4 X, is said to converge in distribution of
X, denoted by X,, —4 X or F,, —4 F (or L(X,) — L(X)
with L referring to the “law” or “distribution”), if the
distribution functions F,, and F' of X,, and X satisty

F,(x) — F(x) as n — oo for each continuity point = of F.

. /
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e Uniform integrability

Definition 3.5 A sequence of random variables { X} is

uniformly integrable it

)\lim lim sup EA{|X,|[I(|X,.] >N} =0.

n—aoeo
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e A note

— Convergence almost surely and convergence in
probability are the same as we defined in measure
theory.

— Two new definitions are
x convergence in rth mean
x convergence in distribution

-
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e “convergence in distribution”
— is very different from the others

— example: a sequence X,Y, X,Y, XY, .... where X and

Y are N(0,1); the sequence converges in distribution
to N(0,1) but the other modes do not hold.

— “convergence in distribution” is important for

asymptotic statistical inference.
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e Relationship among different modes

Theorem 3.1 A. If X,, —, X, then X,, —, X.

B. It X,, —, X, then X,, —,, X for some subsequence
X, -

C. It X,, =, X, then X,, —, X.

D. If X,, —, X and | X,|" is uniformly integrable, then
X, —r X.

E. If X, —, X and limsup,, F|X,|"” < E|X|", then

X, —r X.

-
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F.If X, —, X, then X,, —,» X for any 0 < r’ <.

G. It X,, —, X, then X,, —4 X.

H. X, —, X if and only if for every subsequence {X,, }
there exists a further subsequence {X,, ;} such that
Xl —a.s X.

[. If X,, —4 cfor a constant ¢, then X,, —, c.

-
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Proof

A and B follow from the results in measure theory.

Prove C. Markov inequality: for any increasing function g(-) and

random variable Y, P(|Y| > ¢) < E[%].

P(|X, — X|>e€) < B[Z==X) 0.

€

-
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/Prove D. It is sufficient to show that for any subsequence of {X n},\
there exists a further subsequence {X,,, } such that
E|X,, — X|"—0.

For any subsequence of { X}, from B, there exists a further

subsequence {X,, } such that X,,, —, . X. For any ¢, there exists
A such that limsup,,, E[|X,,|"I(|X,,|" > A)] <e.

Particularly, choose A such that P(|X|"=\) =0
[ X " I([ X |” 2 A) = as. [X[TL(X]" 2 ).

By Fatou’s Lemma,

E[|X["T(|X]|" > N)] <limsup E[| X, |"I(|X,,|" > N)] <e.

ng

. /
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B[ Xy, — X]"]
< F|Xn, — X|"I(| Xn,|"” <2),|X]" < 2))]

+E(| Xy, — X["T(| X, |" > 2), or, |X|" > 2))]
< E[|Xp, — X[TT(| X0, " < 20, |X]" < 2))]

+2"EB[(| X, [" + [ XT)I(1 X, [" 22X, or, [X]" = 2X)],

where the last inequality follows from the inequality
(z +y)" < 2"(max(z,y))" <2"(2" +y"),2 20,y = 0.

When n; is large, the second term is bounded by

2% 2" {E| X, "T(| X, | 2 N)] + E[IXI"T(X| 2 N]} < 27 e,

limsup, E[|X,, —X|"] <2 e
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/Prove E. It is sufficient to show that for any subsequence of { X}
there exists a further subsequence {X,,, } such that
E[|X,, — X|"] — 0.

For any subsequence of {X,,}, there exists a further subsequence
{X,,} such that X,,, —, X. Define

Ynk — QT(‘Xnk‘T + ‘X|T) R ‘Xnk o Xlr > 0.

By the Fatou’s Lemma,

ng

/ limint Y, dP < liminf / Y,, dP.
n

It is equivalent to

2" B(|X[") < liminf {2 (| X, |'] + 27 E[|IX]"] = E[1X., - X|'])

-

N

/
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Prove F. The Holder inequality:

[ir@g@lan<{ [ |f<:v)pdu(:v)}1/p {f g(x)f’dmm}l/q,

1
- -

1
=1
P q

Choose u = P, f = \Xn—X|7“/,g =landp=r/r,q=r/(r—71")in
the Holder inequality

E[|X, — X|"] < B[|X, — X|"]"/" — 0.
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/Prove G. X, = X. If P(X =) =0, then for any € > 0,

P(I(X, <xz)—I(X <uz)|>e€
= P(|I(X,<z)—I(X <z)|>¢|X —z|>90)
+P(I( X, <z)—I(X <z)|>6|X —2]<9)
PX,<z,X>zx4+0)+P(X, >z, X <z—9)
+P(|X —z| < 9)
< P(X,—-X|>90)+P(|X —z| <9).

VAN

The first term converges to zero since X,, —, X.

The second term can be arbitrarily small if ¢ is small, since
lims_o P(|X —x| <) =P(X =x) =0.
I(X, <z)—, I(X <2x)

Fo(z) = E[I(Xn < 2)] — E[I(X < 2)] = F(z).
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Prove H. One direction follows from B.

To prove the other direction, use the contradiction. Suppose there
exists € > 0 such that P(|X,, — X| > €) does not converge to zero.
find a subsequence { X, } such hat P(|X,,, — X| > ¢€) > ¢ for

some 0 > 0.

However, by the condition, there exists a further subsequence X,

such that X,» —, X then X,» —, X from A. Contradiction!

. /
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Prove I. Let X = c.

P(| X, —c|>¢)<1—F,(c+¢€)+ F,(c—¢)
—1—Fx(c+e)+ F(c—e)=0.
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e Some counter-examples

(Ezample 1) Suppose that X, is degenerate at a point
1/n;ie., P(X, =1/n)=1. Then X, converges in

-

distribution to zero. Indeed, X,, converges almost surely.

/
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(Ezample 2) X1, X, ... are i.i.d with standard normal
distribution. Then X,, —4 X; but X,, does not converge
in probability to Xj.
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(Ezample 3) Let Z be a random variable with a uniform
distribution in [0, 1]. Let

Xo=1Im27" < Z < (m+1)27%) when n = 2" + m
where 0 < m < 2F. Then it is shown that X,, converges
in probability to zero but not almost surely. This
example is already given in the second chapter.

. /
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(Ezample 4) Let Z be Uniform(0,1) and let
X,=2"1(0< Z < 1/n). Then E||X,|"]] — oo but X,

converges to zero almost surely.
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e Result for convergence in rth mean

Theorem 3.2 (Vitali’s theorem) Suppose that
X, € L.(P), ie., || X,|r < oo, where 0 < r < 0o and
X, —p X. Then the following are equivalent:

A. {|X,|"} are uniformly integrable.

B. X, —, X.

C. E[|X,["] — E[|X[].

-
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e One sufficient condition for uniform integrability

— Liapunov condition: there exists a positive constant
€0 such that limsup, E[|X,|""%] < oo

B[ X[ ]]
Ao

Ell X[ I(|Xa]" 2 M)] <

o1
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Integral inequalities

e Young’s inequality
al”[0]

‘Cbblg?—F?, CL,b>O,

where the equality holds if and only if a = b.

log x is concave:
1 1 1
p

Geometric interpretation (insert figure here):

-

1
log(—l|al” + —[b|?) = —log|al” 4+ —log |b].
q p q
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e Holder inequality

[1£(@)g

— in Young’s inequality, let

= f(x)/{J | f(2)Pdu(x)}"?
= g(x)/ {[ |g(x)|9du(x)}".

z)|dp(z

where u, = FE||X|"and r > s>t > 0.

z)|dp(z

[1£@)g
N

- when p=Pand f=X(w), g=1, p7"pu;°

> fg

—1

— when p = q = 2, obtain Cauchy-Schwartz inequality:

< ([ st} { o}

~

{/\f )[Pdp(x }{/\9 )|*dp(a }

/
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o NMinkowski’s inequality r > 1,
— derivation:

ElIX + Y]] < E[(]X] +

< B[ X"V E|X+Y ]V +E

L.(P).

-

IX + Yl < | Xl + []Y7f],

YIX + Y[

YTV EX+Y |

— || - || in fact is a norm in the linear space
{X || X|], < oco}. Such a normed space is denoted as

/
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/o Markov’s inequality

Elg(|1X])]
P(|X|>¢€) < A

where g > 0 is an increasing function in [0, co).

— Derivation:
P(|X]| >¢€) < P(g(|X]) = g(e€))
_ i< gD
= ElI(g(IX]) > g(e))] < E[ o(6) J

— When g(z) = 2 and X replaced by X — p, obtain
Chebyshev’s inequality:
Var(X)

2

P(IX —pl =€) <

5 :
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e Application of Vitali’s theorem

~Y1,Y,, ... are i.i.d with mean p and variance o?. Let

X, =Y,.
— By Chebyshev’s inequality,
Var(X,) o?
P(|Xn — pf >€) < 2 :@HO-
Xp —p W

— From the Liapunov condition with »r =1 and ¢, = 1,
| X,, — | satisfies the uniform integrability condition

-
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Convergence in Distribution

“Convergence in distribution is the most important mode
of convergence in statistical inference.”
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Equivalent conditions

Theorem 3.3 (Portmanteau Theorem) The following
conditions are equivalent.

(a). X, converges in distribution to X.

(b). For any bounded continuous function g(-),

Elg(Xyn)] = Elg(X)].

(¢). For any open set G in R,

liminf, P(X, € G) > P(X € G).

(d). For any closed set F'in R,

limsup, P(X, € F) < P(X € F).

(e). For any Borel set O in R with P(X € 00) = 0 where
00 is the boundary of O, P(X, € O) — P(X € O).

. /
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Proof

(a)=(b). Without loss of generality, assume |g(x)| < 1. We choose
|—M, M] such that P(|X|= M) =0.

Since g is continuous in [—M, M|, g is uniformly continuous in
[— M, M].

Partition |[—M, M| into finite intervals I; U ... U I,,, such that
within each interval I, max;, g(x) — mins, g(x) < e and X has no

mass at all the endpoints of I, (why?).

. /
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/Therefore, if we choose any point xx € I, k=1,...,m,

IA

IA

[Elg(Xn)| = Elg(X)]]
Ellg(Xu)I(|Xn| > M)] + E

| —|

lg(X)I(1X] > M)]

NE

HEG(Xn)I(|[Xn| < M)] = ) g(z) P(Xy € It)]

—_

m

Y g(ar)P(Xy, € 1) —
k=1

M= 7

g(zk)P(X € I)]

—_

HEGX)I(|X] < M) = ) g(zr)P(X € I)|

NER

k=1
P(|Xn| > M) + P(|1X| > M)

+2e+ Y |P(X, € I) — P(X € It)|.
k=1

limsup,, |E[g(X,)] — Flg(X)]| < 2P(|X| > M) + 2¢. Let

W—mxvande%O.

~

/
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/(b) (c). For any open set GG, define g(x) =1 — —Td(- Gy Where \

d(x,G°) is the minimal distance between x and G°, inf,cge |z — y|.

For any y € G¢, d(z1,G) — |z2 —y| < |21 —y| — w2 —y| < |21 — 22|,
d(r1,G°) — d(x2,G) < |z1 — x32|.
g(z1) — g(x2)| < €7 Hd(21, G%) — d(x2,G)| < € My — 2.
g(x) is continuous and bounded.
Elg(X,)] — Blg(X)]

Note 0 < g(z) < Ig(x)

limnian(Xn cG)> limninfE[g(Xn)] — Elg(X)].

Let ¢ — 0 = FE[g(X)] converges to F[I(X € G)] = P(X € G).

\(c) (d). This is clear by taking complement of F'. /
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(d)=(e). For any O with P(X € 00) = 0,

limsup P(X,, € O) <limsup P(X,, € O) < P(X € O) = P(X € 0),

n mn

liminf P(X,, € O) > liminf P(X,, € O°) > P(X € O°) = P(X € O).

(e)=(a). Choose O = (—o0, z] with P(X € 00) = P(X =z) =0.

. /
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e Counter-examples

— Let g(x) = x, a continuous but unbounded function.
Let X,, be a random variable taking value n with
probability 1/n and value 0 with probability
(1 —1/n). Then X,, —4 0. However, Elg(X)] =1
does not converge to 0.

— The continuity at boundary in (e) is also necessary:
let X,, be degenerate at 1/n and consider

O={x:x >0} Then P(X,, € O)=1but X,, —40.

. /
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Weak Convergence and Characteristic Functions

Theorem 3.4 (Continuity Theorem) Let ¢, and ¢
denote the characteristic functions of X,, and X

respectively. Then X,, —4 X is equivalent to
¢n(t) — ¢(t) for each t.

-

77



[comments]

78



-

Proof

To prove = direction, from (b) in Theorem 3.1,

On(t) = Ble""] — B[] = ¢(1).

The proof of <= direction consists of a few tricky constructions

(skipped).

-
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e One simple example Xy, ..., X,, ~ Bernoulli(p)
ng'n (t) _ E[eit(Xl—l—...—l—Xn)/n] _ (1 _ p_l_pezt/n)n

= (1—p+p+itp/n+o(l/n))" — e,
Note the limit is the c.f. of X = p. Thus, X,, —4 p so X,,
converges in probability to p.

. /
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-

~

e (Generalization to multivariate random vectors

— X,, —¢ X if and only if

FElexp{it' X, }| — Elexp{it’ X }|, where t is any

k-dimensional constant

— Equivalently, t'X,, —4 t'X for any t

— to study the weak convergence of random vectors, we

can reduce to study the weak convergence of
one-dimensional linear combinations of random

vectors

— This is the well-known Cramér-Wold device

/
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Theorem 3.5 (The Cramér-Wold device) Random
vector X,, in R" satisfies X,, —4 X if and only
X, —,;tX in R for all t € R,

85
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Properties of Weak Convergence

Theorem 3.6 (Continuous mapping theorem)
Suppose X,, —4s X, or X, —, X, or X, —4 X. Then
for any continuous function ¢(-), g(X,) converges to
g(X) almost surely, or in probability, or in distribution.

-

/
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Proof
It Xn —a.s. X, g(Xn) —a.s g(X)

If X,, —, X, then for any subsequence, there exists a further
subsequence X,,, —4.s. X. Thus, g(X,,) —a.s 9(X). Then
9(X,) —p g(X) from (H) in Theorem 3.1.

To prove that g(X,,) —4 9g(X) when X,, —4 X, use (b) of Theorem
3.1.

. /
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e One remark

Theorem 3.6 concludes that g(X,,) —4 g(X) if X,, =4 X
and ¢ is continuous. In fact, this result still holds if
P(X € C(g)) = 1 where C(g) contains all the continuity
points of g. That is, if ¢’s discontinuity points take zero
probability of X, the continuous mapping theorem holds.

. /
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Theorem 3.7 (Slutsky theorem) Suppose X,, —4 X,
Y, —, y and Z, —, z for some constant y and z. Then
Lin Xy + 1, —q 2X + .
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Proof
First show that X,, +Y,, =4 X +v.

For any € > 0,
PX,4+Y,<zx)<PX,+Y,<uz|Y,—yl<e)+ P(|Y,—y| >¢)

<PX,<zxz—y+e)+ P(|Y, —y| >e).

limsup,, Fx, 1y, () <limsup, Fx, (r —y+¢€) < Fx(zx —y+e€).

. /
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P(Xn+Yn>x):P(Xn+Yn>ZC7|Yn_y|§€)+P(|Yn_y|>€)

On the other hand,

<PX,>z—y—¢€)+ P(|Y,—y| > ).

limsup(l — Fx, 1y, (z)) <limsup P(X,, > x —y — ¢€)

n n

<limsup P(X, >x—y—2¢) < (1 - Fx(z—y— 2¢)).

Fx(x —y —2¢) <liminf, Fx_.y, (x) <limsup, Fx, 1y, () <
Fx(x4+y+e).

Fxiy(z—) <liminf Fx 4y, (x) <limsup Fx, +v, () < Fxiy(x).

n

. /
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/To complete the proof,

limsup P(|(Z, — 2)X,| > €) < limsup P(|Z,, — z| > €°)

1 1
T limsup P(|X,] > —) — P(IX|> —).

2€ 2€

that (Z, —2)X, —, 0.

Clearly zX,, —4 2zX Zin Xy —q 2X from the proof in the first
half.

\Again, using the first halt’s proof, 7, X,, + Y, —q 2X + v.

1

P(|(Zp—2)X,| > €) < P(|Zp—2z| > )+ P(|Z,— 2] < €,|X,| > E)‘

~

/
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e Fixamples

— Suppose X,, —4 N(0,1). Then by continuous
mapping theorem, X2 —; x%.

— This example shows that g can be discontinuous in
Theorem 3.6. Let X,, —4 X with X ~ N(0,1) and
g(x) = 1/x. Although g¢(x) is discontinuous at origin,
we can still show that 1/X,, —4 1/X, the reciprocal
of the normal distribution. This is because
P(X =0) = 0. However, in Example 3.6 where
g(x) = I(x > 0), it shows that Theorem 3.6 may not
be true if P(X € C(g)) < 1.

. /
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— The condition Y,, —, y, where y is a constant, is
necessary. For example, let X,, = X ~ Uniform(0,1).
Let Y,, = —X so Y, —y4 —X where X is an
independent random variable with the same
distribution as X. However X, +Y,, = 0 does not
converge in distribution to X — X.
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— Let X, X, ... be a random sample from a normal

distribution with mean ;1 and variance o2 > 0,

ﬁ(Xn o :LL) —d N(O7 0-2)7

V(Xn — p) .y lN(O)gz) >~ N(0,1).

in large sample, t,,_; can be approximated by a
standard normal distribution.
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Representation of Weak Convergence

Theorem 3.8 (Skorohod’s Representation
Theorem) Let {X,} and X be random variables in a
probability space (€2, A, P) and X,, —4 X. Then there
exists another probability space (2, A, P) and a sequence
of random variables X,, and X defined on this space such
that Xn and X, have the same distributions, X and X
have the same distributions, and moreover, X, —.. X.

- /
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e (Quantile function

F~Y(p) =inf{x : F(z) > p}.

Proposition 3.1 (a) I is left-continuous.
(b) If X has continuous distribution function F', then
F(X) ~ Uniform(0,1).

all z, {X <z} ={¢( < F(x)}. Thus, X has distribution
function F.

-

(c) Let £ ~ Uniform(0,1) and let X = F~1(£). Then for

/
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Proof

(a) Clearly, F~! is nondecreasing. Suppose p,, increases to p then
F~1(p,) increases to some y < F~1(p). Then F(y) > p, so

Fly)>p. = F ' (p) <y =y=F"(p).

C{F(X) < F(z)} — F(z) < P(F(X) < F(z)).
r)—e} C{X <z} = P(F(X) < F(x) —
P(F(X) < F(x)—) < F(z).

~
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Proof

Let (2, A, P) be ([0,1], BN [0,1],\). Define X,, = F.1(¢),
X = F~1(¢), where £ ~ Uniform(0,1). X, has a distribution F},
which is the same as X,,.

For any ¢t € (0, 1) such that there is at most one value x such that
F(x) =t (it is easy to see t is the continuous point of F'~1),

for any z <z, F(2) <t

when n is large, F},(z) <t so F,}(t) > 2.

liminf,, £ 1(t) > z = liminf, Fn L) > ax=F1(t).
From F(x +¢€) >t, Fp(zx+¢) >tso F1(t) <xz+e.

limsup, F,71(t) <z +¢e — limsup, F, 1(t) < .

Thus F1(t) — F~1(t) for almost every t € (0,1) = X,, —q.5. X.

. _
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e Usefulness of representation theorem

— For example, if X,, —; X and one wishes to show

some function of X,,, denote by ¢g(X,,), converges in
distribution to g(X):

— see the diagram in Figure 2.
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e Alternative Proof for Slutsky Theorem
First, show (X,,Y,) —a4 (X, y).

[D(x, v (1, t2) = G (B, t2)| = Bl Fnet2in] — Elet etV
< |E[eitXn (eit2Yn _ cit29]| 4 |eit2y|| Bl Xn] — EeitX]]
< Elleit2Yn — ¢it2v]] 1 | B[t Xn] — EleitiX]| 0.
Thus, (Z,,, X») —q (2,X). Since g(z,x) = zx is continuous,

Zn Xy —q 2X.

Since (Z,Xn,Y,) —a (2X,y) and g(z,y) = x + y is continuous,

IinXp + Yy —a 2X 4.

. /
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ummation of Independent R.V.s

e Some preliminary lemmas

events A,,,

S p

Proof

P(A,,i.0) < P(UmsnAm) < Z P(A

m>n

-

Proposition 3.2 (Borel-Cantelli Lemma) For any

implies P(A,,i.0.) = P({A,} occurs infinitely often) = 0;
or equivalently, P(N>; Upm>n Am) = 0.

as 1 — OQ.

120
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e One result of the first Borel-cantelli lemma

If for a sequence of random variables, {Z,}, and for any
e>0,>, P(|Z,]| >¢€) <oo, then |Z,| > € only occurs a

finite number of times.
Zn _>CL.S. O'




[comments]

123



124

4 N

Proposition 3.3 (Second Borel-Cantelli Lemma)

For a sequence of independent events Ay, Ao, ...,
>~  P(A,) = oo implies P(A,,i.0.) = 1.

n=1

Proof Consider the complement of {4,,i.0}.

P(UpZ ) Nimzn AG,) = lim P(NpzpA5,) = lim [ ] (1 - P(Ap))

m>n

< lim sup exp{— Z P(A,,)} =0.

m>n
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e Fquivalence lemma

Proposition 3.4 X, ..., X,, are i.i.d with finite mean.
Define Y,, = X, I(|X,,| <n). Then

i P(X,#Y,) < .
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Proof Since E[|X,]] < oo,

P(|X|>n)= ZnPn< X[ < (n+1

n=1

From the Borel-Cantelli Lemma, P(X,, # Y,,%.0) = 0.

E[IX]] <

gl
||M8

For almost every w € €2, when n is large enough, X, (w) =Y, (w).

. /
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Weak Law of Large Numbers

Theorem 3.9 (Weak Law of Large Number) If
X, X1, ..., X, are i.i.d with mean p (so E[|X|] < oo and
1 = E[X]), then X,, —, pu.

- /
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Define Y,, = X,,I(—n < X,, <n). Let i, = > ,_, E[Yx]/n.

P(T, — fin] > €) < Yartla) < 2upmy VorCOHIUXe<h),

n2e?

Var(X,I(|Xe| < k) < B[X7I(|Xk| < k)]
E[X2I1(|Xg| < k, | Xi| > VE)] + E[X2I(|1 Xk| < k, | X| < VEe?)
< EE[|XRlI(| Xk > VEe®)] + ke,

n

a2n(n+1
< = 4 2nintl)

2n2

limsup,, P(|Ys — pin| > €) < €2 = Y, — jin, —, 0.

fy, — 1 — Yy, —, . From Proposition 3.4 and subsequence

arguments,

\)an —a.s. W Xn —p M- /
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Strong Law of Large Numbers

Theorem 3.10 (Strong Law of Large Number) If
X4, ..., X, are i.i.d with mean p then X,, —, /.
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Proof

Without loss of generality, we assume X,, > 0 since if this is true,
the result also holds for any X, by X,, = X7 — X .

Similar to Theorem 3.9, it is sufficient to show Y,, —, . 1, Where
Y, = X, I(X, <n).

Note EY,] = E[X11(X1 <n)] — pso

Y EYi]/n— p.

k=1

if we denote S,, = >_;_,(Yx — E[Y3]) and we can show
gn/n —a.s. 0, then the result holds.

. /
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By the Chebyshev’s inequality,

Var(S Z Var(Yy) <

~

Sn
P22 > €) <

n262

For any a > 1, let u,, = [a"].

ZP

3

for some constant K,

Z P(|
\ S{tun/un —a.s. 0

Un

|>e

S

Var(S,

CQz

K

Y

Since for any z >0, Y7, - {un} ' < 2D n>loga/loga @ S Kx—1

/
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For any k, we can find u, < k < u,y1. Thus, since X, Xo,... > 0,

~ ~ ~

Sun Uy, < Sk < Sun_|_1 un+1.

Up Un+41 kT Unpn+1  Un
S S
w/a < lim inf 2k < lim sup 2k < pa.

Since « is arbitrary number larger than 1, let & — 1 and we obtain
limy, Sy, /k = .

. /
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Central Limit Theorems

e Preliminary result of c.f.

Proposition 3.5 Suppose E||X|™] < oo for some integer
m > 0. Then
m (it )k

ox(t) - 3 O

k=0

E[X*]|/|t|™ — 0, ast— 0.
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Proof

where 6 € [0, 1].

ox(t) - 3O
k=0

as t — 0.

-

eit:c —

$S ) | D" ey

T
k! m!
k=1

E[X"]|/1t™ < B[ X" —1]]/m! — 0,
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e Simple versions of CLT

Theorem 3.11 (Central Limit Theorem) If
X4, ..., X, are i.i.d with mean p and variance o2 then

\/E(Xn _ :u) —d N(()? OQ)'

. /
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Proof
Denote Y,, = /n(X, — p).
by, (1) = {ox,—ut/ V) }".
bxsp(t/\/7) =1 — P /20 + of1/n).

242
by, (1) — exp{~ "},
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Theorem 3.12 (Multivariate Central Limit
Theorem) If X, ..., X, are i.i.d random vectors in R”

with mean p and covariance ¥ = F[(X — u)(X — p)'],
then /n(X, — i) —q4 N(0,2).

Proof

Use the Cramér-Wold’s device.

. /
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e Liaponov CLT

Theorem 3.13 (Liapunov Central Limit Theorem)
Let X,1, ..., X,, be independent random variables with
i = B[ X,;] and 02, = Var(X,;). Let p, = Y"1 fins,

2 __ \\1n 2
O = 2im1 O 1

>O’

=1 n

then >0 1 (Xni — pini)/0n —aq N(0O, 1).

. /
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e Lindeberg-Feller CLT

Theorem 3.14 (Lindeberg-Fell Central Limit
Theorem) Let X1, ..., X,,, be independent random
variables with p,; = E[X,;] and o7, = Var(X,;). Let

and max {02, /02 : 1 <i <n} — 0 if and only if the
Lindeberg condition

1 n

O im1

holds.

-

o2 =" 02, Then both Y7 (X,i — pini)/0n —aq N(0,1)

ZEHXM—,um-\Q](]Xm-—,um-] > eo,)| — 0, for all € > 0

154
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e Proof of Liapunov CLT using Theorem 3.14

n

1
02 > Bl Xk — poak| T (| Xk = pinie] > €0,)]

n =1

1 n
S 630'3 Z EHXnk T :unk‘S]

n k=1
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-

— This is one example from a simple linear regression

X; =a+ Bz; +¢€;for j =1,2,... where z; are known
numbers not all equal and the €; are 1.1.d with mean
zero and variance o2,

Bn = Z?:l Xj(zj — Zn)/ Z;‘:l(zj - ZN)Q

=0+ 25 € (25 — Zn)/ Z?:l(fzj — Zn)?.

Assume

n
max(z; — )/ Y. (2 — z)? — 0.
J=n =1

\/ﬁ\/Z?:l(f,?_zn)2 (Bn — B) —a N(0,02).

/
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/ — The example is taken from the randomization test for\
paired comparison. Let (X;,Y) denote the values of
gth pairs with X; being the result of the treatment

and Z; = X; —Y,. Conditional on |Z,| = z,,

Z; = |Z;|sign(Z;) is independent taking values +|Z;
with probability 1/2, when treatment and control

have no difference. Conditional on 21, 29, ..., the
randomization t-test is the t-statistic v/n — 17, /s,
where 52 is 1/n>"_(Z; — Z,)*. When

this statistic has an asymptotic normal distribution

N(0,1).
\ /
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Delta Method

Theorem 3.15 (Delta method) For random vectors X
and X,, in R* . if there exists two constant a,, and i such
that a, (X, — u) —¢ X and a,, — 0o, then for any
function g : R* — R! such that ¢ has a derivative at p,
denoted by Vg(u), then

an(9(Xn) — g(1)) —a Vg(u)X.

. /
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Proof

By the Skorohod representation, we can construct X,, and X such
that X,, ~g X, and X ~g X (~¢4 means the same distribution) and
afn(Xn T M) —a.s. X

an(g<Xn) —g(1)) —a.s. Vg(,u)X

an(9(Xn) — g(1)) —a Vg(u)X

~
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e Examples

— Let X, Xs, ... be 1.i.d with fourth moment and
s = (1/n) 3" (X; — X,,)% Denote my, as the kth
moment of Xy for £ < 4. Note that
sp = (1/n) 3y X7 — (321, Xi/n)? and

Xn m1
| (amr )~ ()
—>dN<O,< ma — 1My mS_m1?2)>’
msg — 1MmMq1Mmo9 my — m2
the Delta method with g(z,y) = y — 2°
Vn(s? —Var(Xy)) —q N(0,my — (mg — m¥)?).
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— Let (X1,Y7),(X5,Ys),... be ii.d bivariate samples

with finite fourth moment. One estimate of the
correlation among X and Y is

A Sxy

Pn = 3
2 o2
NEFCH

where s, = (l/n) "X = X)) (Y=Y,
s2=(1/n)>" (X; — X,,)? and

s2 = (1/n) X%, (Y; = Y,)?. To derive the large sample

dlstrlbutlon of On, first obtain the large sample
2 .2

distribution of (s,,, s, s;) using the Delta method

)y

then further apply the Delta method with

9(x,y,2) = x/\/yz.

~

/
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~

— The example is taken from the Pearson’s Chi-square

statistic. Suppose that one subject falls into K
categories with probabilities pq, ..., px, Wwhere
p1+ ...+ px = 1. The Pearson’s statistic is defined as

2 5 N 2
X :nZ(——pk) /pk:a
k=1

which can be treated as

> (observed count — expected count)?/expected count.
Note /n(ni/n — p1,...,nx/n — px) has an asymptotic
multivariate normal distribution. Then we can apply
the Delta method to g(z1,...,7x) = i, 72.

/
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e Definition

Definition 3.6 A U-statistics associated with
h(xy,...,x,) is defined as

1 3
U, = h(Xg,,...., X3, ),
T'(Z)%: ( B [3)

where the sum is taken over the set of all unordered
subsets (3 of r different integers chosen from {1,...,n}.

. /
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/o Examples

— One simple example is ﬁ(:c, y) = xy. Then

~

T Un — E[h(Xl, ceey Xr)‘X(l)a cees X(n)]

— U, is the summation of non-independent random
variables.

— If we define h(xq,...,2,) as
(T!)_l 2@1 i) h(CINZ'l, ceny 537«), then h(SEl, ceny ZCT) 1S

.....

permutation-symmetric

1
Un: T Z h(ﬁl,...,ﬁr).
(")

r /81<---<ﬁr

\— h is called the kernel of the U-statistic U,,.
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e CLT for U-statistics

Theorem 3.16 Let y = F[h(Xy, ..., X,)]. If
Elh(Xq,...,X,)?] < oo, then

ViU = ) = VS BlU, — plXi] =, 0

2

mean zero and variance r?c?, where, with

X1, X, Xy, ... X, i.4.d variables,

~

-

Consequently, «/n(U, — p) is asymptotically normal with

o2 = Cov(hM( X1, Xo, ... X)), (X1, Xo, ..., X,)).

176
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e Some preparation

— Linear space of r.v.s: let & be a linear space of
random variables with finite second moments that
contain the constants; i.e., 1 € S and for any
X, Y eS, aX +bY €8, where a and b are constants.

— Projection: for random variable 7T', a random variable
S is called the projection of T on S if E[(T — S)?]
minimizes E[(T — S5)?],S € S.

. /
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Proposition 3.7 Let S be a linear space of random
variables with finite second moments. Then S is the
projection of 7" on § if and only if S € § and for any

S eS8, E[(T—5)S] =0. Every two projections of T onto
S are almost surely equal. If the linear space S contains
the constant variable, then FE[T] = E[S| and

Cov(T — S,8) =0 for every S € S.

. /
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Proof For any S and S in S,

E[(T —8)} = E[(T — S)!]+2E[(T — S)S] + E[(S — 5)2].

~

if S satisfies that E[(T — 5)S] = 0, then
E[(T — 5)?] > E[(T — S8)?]. = S is the projection of T on S.

If S is the projection, for any constant o, E[(T — S — «5)?] is
minimized at a = 0. Calculate the derivative at a =0

~

E[(T - $)S] = 0.

If T has two projections S; and Sa, = E[(S] — S2)?] = 0. Thus,
S1 = 59, a.s. If the linear space S contains the constant variable,

~

choose S =1 = 0= FE[(T —S5)S| = E[T]| — E[S]. Clearly,
Cov(T — S,5) = E[(T — S)S] =0.

-
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e Fquivalence with projection

Proposition 3.8 Let §,, be linear space of random
variables with finite second moments that contain the
constants. Let T;, be random variables with projections
Sp,on toS,. If Var(T,)/Var(S,) — 1 then

_T,—E[T,] S.- [Sn]

\/ Var(T,) \/ Var(S

. 0.
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Proof . £[Z,] = 0. Note that

Cov(T,, S,)

Var(Zn) =2~ \/Va’r War(S,)

Since S,, is the projection of T,
Cov(Ty,, S,) = Cov(T,, — Sn,Sn) + Var(S,) = Var(S,). We have

B Var(Sy)
Var(Z,) =2(1 — \/Var(Tn)) > 0.

By the Markov’s inequality, we conclude that Z,, —, 0.

-
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e Conclusion

— it S,, is the summation of 1.i.d random variables such

that (S, — E[Sn])/\/Va'r(Sn) —q N(0,07), so is

(T, — E[T,])/ \/ Var(T,). The limit distribution of
U-statistics is derived using this lemma.
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/o Proof of CLT for U-statistics \
Proof

Let X1, ..., X, be random variables with the same distribution as
X1 and they are independent of X, ..., X,,. Denote INJn by

> iy BIU — plX3).

We show that U, is the projection of U,, on the linear space
Sp=1{g1(X1) + ... + gn(Xy) : Elgp(Xg)?] < 00,k =1,...,n}, which
contains the constant variables. Clearly, U,, € S,,. For any

9r(Xk) € Sy,

~

E[(Un — Up)gi(X1)] = BIE[U, — Un| Xi]gx (X)) = 0.

. /




-

2

E[h(Xl, Xr,« 1,X) M|X]

=

—ZE (X1, Xoo1, X5) — pl X3).
=1

Var = n2 ZE X1, ---,Xr—th') — M|Xz']>2]

r ~ ~ ~ ~
— —CO’U(E[h(Xl, cees Xr—la X1)|X1]7 E[h(X17 ceey X?“—la X1)|X1])

n

2 2 2

— T—CO'U(h(XhX27 ceey XT)? h(Xl’ XQ.--, XT)) -
n n

/
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/Furthermore, \

Var(Uy)

— (:)_ ZZCOU(h(Xﬁlv"'7X5r>7h(X617“'7XBL>>

B

-2 r
n
k=1 3 and (3’ share k components

~

CO’U(h(Xl, XQ, cey szka—l—l, ceny XT), h(X1,X2, ceny Xk;, Xk—l—l; ceny XT))

r r! n—r)(n—r+1)---(n—2r+k+1
Var(Un) = - k!(rik)! ( )7(1(77,—1)--)-(71(—7“4—1) )Ck

Var(Uy,) = =Cov(h(X1, Xa, .., X)), M(X1, X2, .0 X)) + O().
Var(U,)/Var(U,) — 1.
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e Fixample

— In a bivariate i.i.d sample (X1,Y7), (X5, Y3),..., one
statistic of measuring the agreement is called
Kendall’s T-statistic

P s LY G - V)X, - X) > 0 - 1

n(n <

7 + 1 is a U-statistic of order 2 with the kernel

21 {(y2 — 1) (2 — 21) > 0} .

Vn(T, +1—=2P((Ys — Y7)(Xs — X;) > 0)) has an
asymptotic normal distribution with mean zero.

. /
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e Some definitions
- X)) < X < ... < X(p) are called the order statistics

— The rank statistics, denoted by Ry, ..., R, are the
ranks of X; among X, ..., X,,. Thus, if all the X'’s are
different, X; = X(g,).

— When there are ties, R; is defined as the average of all
indices such that X; = X(;) (sometimes called
midrank).

— Only consider the case that X’s have continuous

\ densities. /
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e More definitions

— a rank statistic is any function of the ranks

— a linear rank statistic is a rank statistic of the special

form >°% | a(e, R;) for a given matrix (a(%,))nxn-

—if a(¢,j) = ¢;a4, then such a statistic with the form

» 1 cag, 1s called a simple linear rank statistic: c
and a’s are called the coefficients and scores.

/
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e Eixamples

— In two independent samples X1, ..., X,, and Y7, ...,Y,,,
a Wilcoxon statistic is defined as the summation of all
the ranks of the second sample in the pooled data
X1, ...X,, Y1,....Y,, ie.,

n-+m

LV%ZZ :E: }%.

1=n—+1

Other choices for rank statistics: for instance, the van
der Waerden statistic Y77 ®71(R;).

. /
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/o Properties of rank statistics

Proposition 3.9 Let X, ..., X,, be a random sample

from continuous distribution function F' with density f.
Then

1. the vectors (X1, ..., X(n)) and (Ry, ..., R,) are
independent;

the set x1 < ... < x,;

3. the variable X(;) has density
(n_l)F(f)i_l(l — F(x))"*f(z); for F the uniform

i—1
distribution on [0, 1], it has mean ¢/(n + 1) and

variance i(n — i+ 1)/[(n + 1)%(n + 2)];
\

~

2. the vector (X(yy, ..., X(»)) has density n![[;_; f(z;) on

/
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4. the vector (R, ..., R,) is uniformly distributed on the
set of all n! permutations of 1,2,...,n

5. for any statistic T" and permutation r = (rq,...,r,) of
1,2,...,n

E[T(Xl, ,Xn)‘(Rl, ,Rn) — 7“] = E[T(X(Tl), ..,X(rn))];

6. for any simple linear rank statistic T'= > " | c;ag,,

z?j: C;—Cp) Z (a;—an)°.

1=1

E|T| = népa,, Var(T

. /
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e CLT of rank statistics
Theorem 3.17 Let T,, = > ; c;agr, such that

_a A )2 _ =z )2
max |a; —an|/ z:(aZ an)? — 0, ringaic\cz cn\/\ Z(C" Cn)? — 0.

<n : :
a \ =1 i=1

Then (T,, — E[T,])/+/Var(T,) —a N(0,1) if and only if
for every € > 0,

‘az’ — anHCz’ - 5n|
I<v/n > €
Z { \/2?21(%’ — dp)? Z?:l(ci — Cp)?
|ai — C_anci — En‘2

Z?zl(ai — Gp)? Z?:l(ci — Cn)?
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e More on rank statistics

— a simple linear signed rank statistic

Z AR+ Slgn(XZ) 9

1=1

where R, ..., R}, absolute rank, are the ranks of
| X1l ..., | X0l

— In a bivariate sample (X1,Y7), ..., (X,, Ys),
» Larbs, where (Ry,..., R,) and (51, ...,S,) are
respective ranks of (X1,..., X,,) and (Y7,...,Y,).

-
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Definition 3.7 Let {Y,,} be a sequence of random
variables and F,, be sequence of o-fields such that

F1 C Fy C ... Suppose E||Y,|] < co. Then the sequence
of pairs {(Y,, F,)} is called a martingale if

E\Y,|F.1] =Y, 1, a.s.
{(Y,, Fn)} is a submartingale if

E\Y,|Fn1] > Va1, a.s.
{(Ya,F.)} is a supmartingale if

E\Y,|Fo1]) <Y, 1, a.s.

. /
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e Some notes on definition

- Y3,....Y,, are measurable in F,,. Sometimes, we say Y,
is adapted to F,,.

— One simple example: Y,, = X; + ... + X,,, where
X1, Xo, ... are 1.1.d with mean zero, and F,, is the
o-filed generated by X, ..., X,,.

. /
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e Convex function of martingales

Proposition 3.9 Let {(Y,,, F,)} be a martingale. For
any measurable and convex function ¢, {(¢(Y,), F,)} is a
submartingale.

. /
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Proof Clearly, ¢(Y,,) is adapted to F,,. It is sufficient to show

E[¢(Yn)‘fn—l] > ¢(Yn—1)-

This follows from the well-known Jensen’s inequality: for any

convex function ¢,

E[¢<Yn)|}—n—1] > gb(E[Yn‘fn—l]) — ¢(Yn—1)-
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e Jensen’s inequality

Proposition 3.10 For any random variable X and any
convex measurable function ¢,

Elop(X)] = ¢(E[X]).
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Proof

Claim that for any x(, there exists a constant kg such that for any
T, ¢(x) > ¢(xo) + ko(x — x0).

By the convexity, for any 2’ < v’ < x¢g <y < =z,

P(xg) — P(x') < o(y) — d(xo) _ ¢(x) — ¢(0)

< < :
To — &’ Yy — To T — Xo

Thus, ¢(:’2:f§w0) is bounded and decreasing as x decreases to x.
Let the limit be ki — 2&)=¢{ro) > pa

r—XQ

d(x) > kg (x — z0) + B(x0).

. /
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/Similarly, \

P(x') — ¢(x0) < o(y') — o(xo) < $(z) — (o)

x' — xg y' — xg T — Xo

/
Then ¢(xx2_ié”;0) is increasing and bounded as z’ increases to x.

Let the limit be k;

o(x') > ky (2" — z0) + P(20).

Clearly, k'aL > ko . Combining those two inequalities,

d(x) = ¢(x0) + ko(z — o)
for ko = (kg + kg )/2.

\Choose o = E[X] then ¢(X) > ¢(E[X]) + ko(X — E[X]). /
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e Decomposition of submartingale

- Y, =M, + A,, where

My =3 (%~ BIYI5 )

7=1
and
Ap = E[Y; = Yja|F-],
j=1

where Fj is the null o-field and Yy = EY;.

— any submartingale can be written as the summation
of a martingale and a random variable predictable in

Fn-1-

. /
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4 N

e Convergence of martingales

Theorem 3.18 (Martingale Convergence Theorem)
Let {(X,,F,.)} be a submartingale. If

K =sup,, F||X,|] < oo, then X,, —,, X where X is a
random variable satisfying F[|X|] < K.

. /
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-

Corollary 3.1 If F,, is an increasing o-field and denote
F as the o-field generated by US>, F,, then for any
random variable Z with E[|Z||] < oo, it holds that

E[Z’]:n] a.s. E[Z‘FOO]°

~
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/o CLT for martingale \

Theorem 3.19 (Martingale Central Limit
Theorem) Let (Y1, Fn1), (Yn2, Fn2), ... be a martingale.
Define X, = Y, — Yo x—1 with Y0 = 0 thus

Y. = X1 + ...+ X,1. Suppose that

> B Xl Fuea] —p 07
k

where o is a positive constant and that

ZE[X?@I{[(’XM‘ > 6)“7:71,16—1] —p 0
k

for each € > 0. Then
ZXnk —d N(O, 0'2).
k

. /
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‘E A

e 0,(1) and O,(1)

— X,, = 0,(1) denotes that X,, converges in probability
to zero,

— X, = O,(1) denotes that X,, is bounded in
probability; i.e.,

]\}im limsup P(|X,| > M) = 0.

— for a sequence of random variables { R, }, X,, = 0,(R,)
means that | X,|/R, —, 0 and X,, = O,(R,) means

\ that | X,|/R,, is bounded in probability. /
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4 N

e Algebra in 0,(1) and O,(1)

0p(1) +0p(1) = 0p(1) Op(1) + Op(1) = Oy(1),
Op(1)op(1) = 0p(1) (1 + 0p<1)>_1 =1+ 0,(1)
0p(1y) = Rnop(1) Op(Ry) = R,Op(1)
0p(Op(1)) = 0p(1).

If a real function R(-) satisfies R(h) = o(|h|P) as h — 0,
R(X,) = 0p(| Xn|?).

If R(h) = O(|h|P) as h — 0, — R(X,) = O,(|X.[?).
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