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Basic Concepts

e Random Variables

— discrete random variable: probability mass function

— continuous random variable: probability density
function
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e Definition of Random Variables

— R.V.s are some measurable functions from a

probability measure space to a real space;

— probability is some non-negative value assigned to

sets of a o-field;

— probability mass = the Radon-Nykodym derivative of

the random wvariable-induced measure w.r.t. to a
counting measure;

— probability density function = the derivative w.r.t.

Lebesgue measure.
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e Descriptive quantities of univariate distribution
— cumulative distribution function: P(X < x)
— moments (mean): E[X"]

— quantiles

— mode

— centralized moments (variance): E[(X — p)"]
— the skewness: E[(X — p)3]/Var(X)>?/?

— the kurtosis: E[(X — u)*]/Var(X)?
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e Characteristic function (c.f.)

~ ¢x(t) = Elexp{itX}]

— c.f. uniquely determines the distribution

—1tb

1 T eTMe _ g
P = Ex(o) = Jim o |
| e
fx(x) = 2—/ e " p(t)dt.
T J—o0

GOx(t)dt
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e Descriptive quantities of multivariate R.V.s

~ Cou(X,)Y), corr(X,Y)

Fxiy(2ly) = fxy (2, 9)/ fr (y)

- BFIX|Y] = ffo|Y(x‘y)d$

— Independence:

P(X <z,Y <y)=PX <z)P(Y <y),
fxy(z,y) = fx(@)fv(y)
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e Equalities of double expectations

EX] = E[E[X]Y]
Var(X) = E[Var(X|Y)|+ Var(EX|Y])
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Examples of Discrete Distributions

e Binomial distribution

— Binomaial(n, p):
P(S, =k) = (})p"(L—p)" ™", k=0,..n

- ES,| =np,Var(S,) =np(1l — p)
dx(t) = (1 —p+pe”)”
— Binomial(ny, p) + Binomial(ns, p)

~ Binomial(ni + na, p)

-
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e Negative Binomial distribution
- PWo = k) = () (= p)t
Ek=mm+1,..
- EWn] =m/p,Var(Wyn) = m/p* —m/p
— Neg-Binomial(m, p) + Neg-Binomial(ms, p)

~ Neg-Binomial(m; + mas, p)

-
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e Hypergeometric distribution
- Ps.a=k) = () () /(
— E[S,] = Mn/(M + N)

_ nMN(M+N-—n)
- Var(Ss) = armeans—n

-

N

n

), k=01, ..

, TV
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e Poisson distribution
-~ P(X =k)=Xe k!, k=0,1,2,..
- FX]|=Var(X) = A,
ox(t) = exp{—A(1 — ")}

— Poisson(A1) + Poisson(Ay) ~ Poisson(A1 + \2)

-
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e Poisson vs Binomial

- X1|X1 + X5 =n ~ Binomial(n

—if X1, ...,
then
n!
P(S =k)= K

n, A1 +)\2

)

X, are i.i.d Bernoulli(p,) and np, — A,
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e Multinomial Distribution

— N;, 1 <[ < k counts the number of times that
{Y1,....Y,} fall into B,

- P(N1 — M1, 7Nk — nk) — ( nnk>p7111 - pzk

— the covariance matrix for (N, ..., Ny)

pl(l _pl) —P1Pk

—p1pk .. DPe(1— pg)

-
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Examples of Continuous Distributions

e Uniform distribution

- Uniform(a,b): fx(x) = Iuy(x)/(b—a)
- EX]=(a+b)/2and Var(X) = (b—a)?/12

-
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e Normal distribution

- N(p,0%): fx(z) =

-

1
V2mo?

exp{—*

~ BE[X]=pand Var(X) = o*

— ¢x(t) = exp{itp — o*t?/2}

202

2

T—p)

}
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e Gamma distribution
— Gamma(0,3): fx(x) = 59%@330_1 eXp{—%}a
~ B[X] =68 and Var(X) = 03
— 0 =1 equivalent to Exp(0)

— 0 =n/2,3 =2 equivalent to x?

-

x>0
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e Cauchy distribution
— Cauchy(a,b): fx(z) .

— br{l+(z—a)2/b2}
— E|X]] = o0, ¢x(t) = exp{iat — [bt|}

— often used as counter example

-
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Algebra of Random Variables

e Assumption
— X and Y are independent and Y > 0
— interested in d.f. of X + VY, XY, X/Y

-

33



[comments]

34



-

e summation of X and Y
— Derivation:
Fxyy(z) = E[I(X+Y <2z)]

= Ey|[Fx(z—-Y)]= /FX(Z—?J)dFY(y)

— Ey[Ex[I(X S Z —

— Convolution formula:

/Fy z—x)dFx(x) = Fx * Fy(2)

Fxiy(z

fx*fv(z /fXZ y) frv(y dy—/fyz r) fx(v)dx

-

~

Y)IY]]

/

35



[comments]

36



-

e Product and quotient of X and Y

- Ixy(z) = E[E[I(XY < 2)[Y]| = [ Fx(2/y)dFy(y)
fv(2) = [ Fx(z/w)/ufr )y
- Fxyy(2) = EIE[I(X/)Y <2)|Y]] = [ Fx(yz)dFy(y)

fxyy (%) /fX y2)y fy (y)dy
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e Application of formulae
~ N(p,07) + N(pa, 03) ~ N(p1 + pa, 07 + 03)
— Gamma(ry, 0) + Gamma(rsy, 0) ~ Gamma(ry + ra, 0)
— Poisson(\1) + Poisson(\y) ~ Poisson(A1 + Ag)
— Negative Binomial(my, p) + Negative Binomial(ms, p)

~ Negative Binomial(m, + ms, p)

. /

39



[comments]

40



-

e Summation of R.V.s using c.f.

— Result: if X and Y are independent, then

Ox+v (t) = ox(t)dy (1)

— Example: X and Y are normal with

Ox(t) = exp{ipnt — oit?/2},
Py (t) = expfipat — o3t /2}

Ox+y (t) = exp{i(ps + po)t — (07 + 03)t°/2}

/
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e Further examples of special distribution

—assume X ~ N(0,1), Y ~ x2 and Z ~ x2 are
independent;

X
i
Y/m
Z/n
Y
Y+7Z7

~ Student’s t(m),

~ Snedecor’s [, n,

~ Beta(m/2,n/2).
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e Densities of t—, F'— and Beta— distributions

I'((m-+1)/2
- ft(m) (z) = \/Sr(_mr(yzb//;) (1+x2/ﬂi)(m+1)/2 I(~00,00) ()

L'(m4n)/2 (m/n)™/2zm/271
= JFu () = p(ﬂi/z)p()f,f/g) ((1+/m)x/n)(m+n>/2 [(0>OO)<37)

a+b a— _
~ FBetatary (%) = Fsrar e (1 — 2)P (€ (0, 1))

-
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e Fixponential vs Beta- distributions

— assume Y7, ..., Y, are i.i.d Exp(6);

- o Yi+..4Y; ‘ A .
Z, = it ~ Beta(i,n — i + 1)

— (Z1,...,7Z,) has the same joint distribution as that of
the order statistics (&1, ..., &nn ) Of m Uniform(0,1)

r.v.s.

. /
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Transformation of Random Vector

Theorem 1.3 Suppose that X is a k-dimensional
random vector with density function fx(x1,...,2x). Let g
be a one-to-one and continuously differentiable map from

RF to R¥. Then Y = g(X) is a random vector with
density function

fX(g_l(ylv mvyk))“]g_1<y17 seey yk)‘v

where ¢!

gt

is the inverse of g and J,-1 is the Jacobian of

- /
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e Example

independent;

— X =RcosO and Y = Rsin©O are two independent

standard normal random variables;

— it can be applied to simulate normally distributed

data.

~

~ let R* ~ Exzp{2}, R > 0 and © ~ Uniform(0,27) be

o1
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Multivariate Normal Distribution

e Definition

Y = (Y1, ..., Y,,) is said to have a multivariate normal
distribution with mean vector u = (u1, ..., ttn,)" and

non-degenerate covariance matrix >,y if

1 1

-

fY(y17 ceey yn) — (27_‘_)71/2’2‘1/2 eXp{_§<y _ ”)/Z—1<y _ lu)}

/
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/o Characteristic function

+(Bit + p)' SN (St + p)/2} dy
1 :
= exp {—M’E_l,u/Z + §(Zit + ) S H(Zit + ,u)}

1
= exp{it'u — §t’2t}.

WX

2

Py (1)
= B[] =(2W)_%\E\_%/exp{it’y—%(y—u)’z_l(y—u)}dy
INV—1
= (e EisE [T (it Sy -
exp{—p'X"tp/2} 1 , e .
= N exp{—§(y—22t—,u)2 Ly — Xit — p)

~

}dy
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e Conclusions

— multivariate normal distribution is uniquely

determined by p and X

— for standard multivariate normal distribution,

¢ox(t) = exp{—t't/2}

— the moment generating function for Y is

exp{t'y + t'>t/2}
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e Linear transformation of normal r.v.

Theorem 1.4 If Y = A, «x Xpx1 where X ~ N(0, )
(standard multivariate normal distribution), then Y’s
characteristic function is given by

by (t) = exp {~t'St/2}, t=(t,....tn) € R*

and rank(X) = rank(A). Conversely, if
oy (t) = exp{—t'3t/2} with ¥, «, > 0 of rank k, then

-

Y = Ak Xpx1 with rank(A) =k and X ~ N(0,1).
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Y

-

Proof

— AX and X ~ N(0,1)
¢y (t) = Elexp{it'(AX)}] = Elexp{i(A't)' X }]
= exp{—(A't) (A't)/2} = exp{—t'AA"t/2}

Y ~ N(0, AA").

Note that rank(AA") = rank(A).
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Conversely, suppose ¢y (t) = exp{—t'3t/2}. There exists O, an
orthogonal matrix, such that

> = O,DO, D = diag((dl, ...,dk,(), ...,O),), dl, ceey dk > 0.
Define Z = OY
¢z(t) = Elexp{it’(OY)}] = Elexp{i(Ot)'Y}]

Z1, ..., 2 are independent N(0,dy),..., N(0,dx) and Zxi11,..., Zp
are zeros.

Let Xz = ZZ/\/d_Z,Z = 1, ,]C and O/ — (ank,Cnx(n_k)).

Y = O'Z = Bdiag{(\/d1, ..., /d)} X = AX.

= exp{—

Clearly, rank(A) = k.

/
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e Conditional normal distributions

Theorem 1.5 Suppose that Y = (Y1,..., Y, Vi1, ..., Y,
has a multivariate normal distribution with mean

[ = (,u(l)/, ,u(2)/)’ and a non-degenerate covariance matrix
> >
y < 11 12) |
2io1 2192
Then

(1) (}/17 ey Yk)/ ™~ Nk(:u(l)a 211)-
(ii) (Y1,...,Ys) and (Yii1,...,Y,) are independent if and
only if 212 = 221 = 0.

(iii) For any matrix A,,xn, AY has a multivariate normal

distribution with mean Au and covariance AXA’. /
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(iv) The conditional distribution of Y = (Y}, ..., Y,
given Y (2 = (Yii1,...,Y,) is a multivariate normal

distribution given as

YOIV ® o NP4+ 5H YD — @) 51— 10850 801).

. /
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Proof
Prove (iii) first. ¢y (t) = exp{it’'u — t'3t/2}.

day (t) = E[e?t' 4] = Elei(AD)Y]
= exp{i(A't)' n — (A't)'2(A't)/2}
= exp{it'(Ap) — t'(AXA")t/2}

AY ~ N(Ap, ASA").
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Prove (i).

Y1

Yy

= (I xk
Yy

( _k))yi
ka n

) 14,
ko Okx(n—rk)
Ikx

~ N ((

I 0 (1 0 ! .
k)))
kx(n
k
)) <k><
k
kx(n
k
(kx
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Prove (ii). ¢ = (t(1),¢(2)Y

Py (t) = exp [@'tﬂ)’u(l) 4 z’t@)'u(?)

—% {0 51360 4 26051, 4 t(2>/222t(2)}] -

t(1) and t(®) are separable iff ¥15 = 0.

(ii) implies that two normal random variables are independent if

and only if their covariance is zero.

-

/
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/Prove (iv). Consider
ASUES [ CO NI C 21222—21(3/(2) _ ,U(Q))-

ZM ~ N(0,%)

Yy =Cov(YV YD) — 25,5  Cov(Y P YD)
—|—21222_2100’U<Y(2), Y(2))22_21221 = 211 — 21222_21221.

Z() is independent of Y (?).
The conditional distribution of Z(1) given Y2 is the same as

the unconditional distribution of Z1)
\ ZWY®) ~ ZW) ~ N(0,81; — 212555 Yo1).

Cov(ZW, Y®) = Cov(YD,Y?)) = 2,5 Con(Y P, YD) = 0.
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e Remark on Theorem 1.5

— The constructed Z in (iv) has a geometric
interpretation using the projection of (Y ") — 1)) on
the normalized variable ¥,/ *(Y® — ;,(2).
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e Example

— X and U are independent, X ~ N(0,02) and
U~ N(0,07)
— Y = X + U (measurement error)

o o2
— the covariance of (X,Y): - g
e (7 7 )

X|Y ~ N(=2

e 2+

A =02 /o; (reliability coefficient)

-

Y, 02 — % ) = N(\Y,0%(1 —

)
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e (Quadratic form of normal random variables

— Proof:
Y = AX where X ~ N(0,]) and ¥ = AA’.

Y'S7Y = XTA(AA)TTAX = X'X ~ 2.

~ N(0,1)* + ... + N(0,1)* ~ x* = Gamma(n/2,2).
Y ~ N, (0,%) with £ > 0, then V'SV ~ y2.
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e Noncentral Chi-square distribution
— assume X ~ N(u, )
~ Y =X'X ~x2(0) and ¢ = i/ .

— Y'’s density:
iy = 30 CPEOBORE o o1 1 my2,1/2)

/
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e Additional notes on normal distributions

— noncentral t-distribution: N(6,1)/1/x2/n
noncentral F-distribution: x2(6)/n/(x2 /m)

— how to calculate F|X'AX| where X ~ N(u,>):

EX'AX] = Etr(X'AX)] = E[tr(AXX")]
= tr(AE[XX']) = tr(A(uy' + X))
= pAp+tr(AX)
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Families of Distributions

e [ocation-scale tamily
—aX +b: fx((x—">0)/a)/a, a>0,be R
— mean aF[X] + b and variance a*Var(X)

— examples: normal distribution, uniform distribution,

gamma distributions, etc.
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~

e Exponential family

— examples: binomial, Poisson distributions for discrete

variables and normal distribution, gamma
distribution, Beta distribution for continuous
variables

— has a general expression of densities

— possesses nice statistical properties
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e Form of densities

— {Fp}, is said to form an s-parameter exponential
family:

pol) = exp {z m(0)Th () — B(@)} ()

exp{BO)} = [ exp{ S me(0)Te(@)}h(w)dp(a) < o0
k=1

— if {ng(0)} = 0%, the above form is called the canonical
form of the exponential family.

. /
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e Eixamples

~ X4, ..., X, ~ N(u,o?):

P 1 & 20 1
exp{(ﬂ;xz 2022% 02'u}(

— X ~ Binomial(n,p):

exp{x log . ﬁp +nlog(l—p)} <Z>
— X ~ Poisson(\):

P(X = x) = exp{xlog A — \}/x!

-

2o )"

/

93



[comments]

94



-

-

e Moment generating function (MGF)
— MGF for (11, ...,T):

Mrp(ty,....ts) = E lexp{t1T1 + ... + t,T5}]

— the coefficients in the Taylor expansion of My

correspond to the moments of (77, ..., 7T%)
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e Calculate MGF in the exponential family

Theorem 1.6 Suppose the densities of an exponential

family can be written as the canonical form

eXp{ES: M1y (z) — A(n) th(z),

k=1

where n = (n1,...,m5)". Then for t = (1, ...,1,)’,
Mrp(t) = exp{A(n +1t) — A(n)}.

. /
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Proof

exp{A(n)} = [exp{> ,_; n:Ti(x) }h(x)du().

MT(t) = F [exp{t1T1 + ...+ tsTs}]
- / exp{Y_(mi + t:)Ti(x) — A(n) }h(x)dp(x)
k=1

=exp{A(n+1t) — A(n)}.
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e Cumulant generating function (CGF)
= Kp(ty, ..., ts) = log My(ty, ... 1) = A(n +t) — A(n)

— the coefficients in the Taylor expansion are called the

cumulants for (71, ..., T)

— the first two cumulants are the mean and variance
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e Iixamples revisited

— Normal distribution: 7 = p/o? and

Al) = -

2 2:u _770_2/2

2

BX"H =0,E[X"]=1-2---(2r — 1)o°

%
Mi(t) = exp{Z-((n+ )" = n")} = exp{pt + 7072},
From the Taylor expansion, for X ~ N(0, 0?),
r=12

, 7.0.

/
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— gamma distribution has a canonical form
exp{—x/b+ (a — 1)logx — log(I'(a)b*) } [ (x > 0).

n=-1/bbT =X
A(n) = log(I'(a)b?) = alog(—1/n) + logI'(a).

7 _
Mx(t) = ] = (1 —0t)"“.
x(t) = expfalog 1} = (1 — b1

E[X] = ab, E[X?] = ab® + (ab)?, ...
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READING MATERIALS: Lehmann and Casella,
Sections 1.4 and 1.5
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