Bios 760, Spring 2008 08,/22/2008

Density function of Y = X?, where X ~ N(u, 1)
(A proof of the formula from Lecture Notes, page 10, below Corllary 1.1)

Proposition. Let X ~ N(u,1) and Y = X2, § = 2. Then
) = pe(6/2)g(y; (2k +1)/2,1/2)
k=0

where py(6/2) = exp(—8/2)(6/2)%/k! and g(y; (2k 4 1)/2,1/2) is the density of Gamma((2k+1)/2,1/2).

Proof. The CDF of Y can be computed as follows. Since Y assumes nonnegative values only, let y > 0.

Rely) = Pr(Y <y)=Pr(X? <y)= Pr(—/i < X < Vi) = Pr(X < /i) = Pr(X < — i)
= Pr(X < y) —Pr(X <—\49) (X cont. random variable)

= Fx(vB) - Fx(~VD).

Differentiating with respect to y, we get the density function

\/\ |/\

R = g V) + 5o fx (VD)

2\y 2\y
- el o] e oo
= f 7 xp(—?/2) exp(—y/2) [exp(uy/y) + exp(—pv/y) |
(by using the power series (Taylor) expansion of the exponential function )
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(by using I'(1/2) = v/7)
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(by repeated use of T'(x 4+ 1) = 2I'(x), where x =

= > pi(6/2)g(y; (2k +1)/2,1/2)

k=0



