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1. Cross validation bandwidth selection

In this section, we will derive the first-order approximation to the cross validation score CVr(h)

in Equation (27). We need some notation as follows:

M(S, D) = tr{log(S~Y/2DS~1/%)2},
G\ ar(@) = gr(S;, Dr (), ar(x), k)%,
j#i
Gnr(ar(x)) =Y gr(S;, Dr(zj, ar(@), k))?,
ai7" (v, h) = axgmin,, G\ 7 (ar (x)),
drr(z, h) = argmin,, ;) Gn, 1 (a7 (7)), A@g}i)(a?, h) = d(l}i)(m, h) — é&rr(z, h),

otr{log(S~1/2DS~1/2)2}

dpM(S, D) =

dvecs(D) ’
otr{log(S~1/2GGTS~T/?)%}
Ty _
I M(S,GGT) = dvecs(Q) ’
d*tr{log(S~Y/2DS-T1/?)2}
2 —
OpM(S, D) = dvecs(D)dvecs(D)T 7

E(S,D,x,x0) = Dp(x, ap (o), ko) Y28 Dy (z, ap(xo), ko) ~1/2,

M(S,z — xq, ap(z)) = tr{log(S™2D(x, ap(z0), ko)S™T/?)?},

1/2 /2
Doy oy M(S, & — o, aur (o)) — otr{log(S~Y2D(z, ar(z0), ko)S~T/2)%}

80@(330) ’
0*tr{log(S~Y/2D(z, ar(x0), ko) S~ 1/?)?}
2 ’ .
8(XT($0)M(S, — zg,ar(z0)) = dar(z0)dar (z0)T ’
H (2, ap(z ZKh aT(x)M(Svaj a, ar(z)).

J#i

Let G’g}i)(xhh) and Grr(z;,h) be, respectively, the subcomponents of aIT)(ac h) and

agr(z,h) corresponding to G(z). Then, by using the Taylor’s series expansion, we can ap-
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proximate the cross validation at bandwidth h by

CVT(h) = n*l ZgT(S@', Dg;z) (x“ -1 Ztr{log 1/2 l)( i h)Sl—T/2)2}
i=1

~ 'Y gr(Si, Drr(wi, h)* + 2pa(h),

i=1

where p,(h) can be regarded as the degree of freedom for ILPR and is given by

pa(h) = (20) 71> {06 M (S;, Drr (x4, b)) Tvees(GY7 (i, h) — Grr (i, h))}. (1)

i=1

Since agT)(ac“h) and Gy (z;, h) minimize G (aT(xl)) and Gy r(ar(z;)), respectively,

we have
0 = > {Kn(x; — 20)0a@n M (S, 2j — x1, 657" (i, h))} (2)
J#i
~ Z{Kh )M(Sj,l‘j l‘i,éé]T(l‘i,h))}
J#i
+ 3 Kn(xj —20)0? () M(S; 25 — w1, Gyr (@i, h) MG (i, h)
J#i

= —Kn(0)0n(2,)M(S;,0, arr (s, h))

+ 3 Ky — 20)02 (o M(Sj, 5 — zi, Grr (2, h) Ad Yy (a:, ).
J#i

This yields that
A& (@i, h) = Kn(0)YHE (24, G (26, h), h) ™ Oy M (S5, 0, érr (24, ). (3)

Furthermore, at a given x;, we consider ar(z;) = (o) (z:)T, az)(x;)")T and al7? (z,n) =
(a El)Z)IT(x“ n)T, aE;)z)IT(:ci, R)T)T, in which a(q)(z;) and agl_)Z)IT(xi, h), respectively, correspond
to the unknown parameters in G(x;). Suppose that H~9 (x;, &rr(xs, h), h) can be decomposed

according to the decomposition a(z;) = (1) ()", 2y (wi)")" as follows:

‘ H (e h)  HSG (i h
HD (2, 677 (xi, h), h) = 1(55)T( ) l(i,f)T( )
HQI,IT(xi7h) HQQJT(xi,h)

It can be shown that all elements in aa@)(a:i)M(Sia 0, &rr(zi, h)) equal zero. Thus, by using the

nullity theorem, we have

NG (i h) = K0V H{ TS (i, h) ™ 0y o) M (S, 0, (i, 7)), (4)
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where H{[ 8 (2 h) = H V(@i h) — HY V(@i h)HS (i, )~ Hy; Y (2i,h). By substi-
tuting (4) into (1), we have

pa(h) = (20) 71K, (0) Y {0 M (S, Drr(xi, )T HITY o4, h) 206 M (S;, Drr (4, h))},  (5)

i=1
which finishes the proof of Equation (27).

In order to calculate CVp(h), we need the first order derivatives of matrix logarithm
and exponential, 9 M (S, GGT), and the first-order and second-order derivatives of M (S, —
Zo, ar(xo)) with respect to ap(zg) as follows.

Lemma 1. (i) The first-order derivative of M (S, GGT) with respect to vecs(G) is given by

oM (S, GGT) (GGT)

aG,

_ T g1 -1
= 2tr{log(G" S™"G)G G

G}, (6)

where G; is the j—th unknown element in vecs(G).
(ii) Suppose that D(a) € Sym™*(m) and M(a) € Sym(m) are differentiable functions of o,
the first order derivatives of log(D(«)) and exp(M («)) with respect to the j—th component of

o are, respectively, given by

2D — [ expta - ppa(a) 5 explsat(as ()
9log(D(a)) 9D(e)

o = [1Dt@) ~ Eds + 1l T D) ~ T+ L) s (9

Proof of Lemma 1. Since tr{log(S~"2GGTS~7/?)2} = tr{log(G~'SG~T)?}, Tt follows from
Proposition 2.1 in Maher (2005) that

OM(S, GGT)
oG,

Because log(G=1SG~T)GTS71G = GTS1Glog(G~1SG~T) and

= 2tr{log(G~'SG T)GT S 'Gog, (G 1SG™T)}.

96, (GT'SG™T) = -G (06,G)G'SG™T —GT1SG T (96,G) G,

we have

OM(S,GGT) - T OGOGT
—G - —2;tr{log(G leab(e: afﬁacg

GiT)}’

which yields (6). The proof of (7) and (8) can be found in Higham (2008).
Lemma 2. Let aj(wo) be the jth element of ar (o). The jth element of the vector Ou. (zq)M (S, 2~
xo, ar(x0)) is given by

Oet, (20) M (S, — wo, ar (o)) = —2tr{log(E(S, D, &, x0))D(w, ar(x0), ko) ~/* x

{04, (o) D (7, a1 (0), ko) } D(, ar (o), ko)~T72).
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The (j,k)—th element of 02

ar(zo)

M(S,x — xo, ar(xo)) is given by

O?M (S, z — xq, ar(xo)) 0log(E(S, D, z,x0))

Ao (o) dou (20) doug(20)
{0 (20) D (, ar(0), ko) } D (v, ar(z0), ko)~ T/?) — 2tr(log(E(S, D, x, x0))
OD(x, ar(x0), ko) ™/*{Ba, () D(, (20, kO)}D(ﬂf’aT(ﬂfo)vko)fT/Q])
da (o) '

= —2tr] D(z, ap (o), ko) ™2 x

Proof of Lemma 2. By using Lemma 1 and matrix differentiation, we can easily prove Lemma

2.

2. Annealing evolutionary stochastic approximation Monte Carlo

We now develop an annealing evolutionary stochastic approximation Monte Carlo algorithm
for computing &;r(xo; h). Quite recently, the stochastic approximation Monte Carlo algorithm
Liang et al. (2007) has been proposed in the literature as a general simulation technique, which
possesses a nice feature in that the moves are self-adjustable and thus not likely to get trapped
by local energy minima. The annealing evolutionary SAMC algorithm (Liang, 2010) represents
a further improvement of stochastic approximation Monte Carlo for optimization problems by
incorporating some features of simulated annealing (Kirkpatrick et al., 1983) and the genetic
algorithm (Goldberg, 1989) into its search process.

Like the genetic algorithm, annealing evolutionary stochastic approximation Monte Carlo
works on a population of samples. Let o! = (aR’m, ... ,aR,[l]) denote the population, where
I is the population size, and ag ;) = (i1, .., Qigko+1)) 15 @ q(ko + 1)-dimensional vector
called an individual or chromosome in terms of genetic algorithms. Thus, the minimum of
the objective function G, (ar(zo)), ar(xo) € B, can be obtained by minimizing the function
Ual) = 22:1 Gn(ag,). An unnormalized Boltzmann density can be defined for the popula-

tion as follows,
Y(a) =exp{-U(a')/7}, o €B, (9)

where 7 = 1 is called the temperature, and B! = B x --- x B is a product sample space. The
sample space can be partitioned according to the function U(a!) into b subregions: E; = {a! :
U) <8}, By ={al: 6 <U) <6}, -+, Epoy = {al : 60 < U(a!) < 61}, and
Ey = {a!: U(a!) > dp_1}, where §; < §3 < ... < §,_1 are b — 1 known real numbers. We note
that here the sample space is not necessarily partitioned according to the function U(at), for

example, the function \(a!) = min{Gy(ap,n)), .-, Gn(ag,p)} also works.
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Let w(d) denote the index of the subregion that a sample with energy u belongs to. For

example, if ol € E;, then w(U(a!)) = j. Let B® denote the sample space at iteration ¢t. The
algorithm initiates its search in the entire sample space By = U?Zl F;, and then iteratively

searches in the set
W(Ul(nti)n"'m

Bi= |J E, t=12.., (10)

i=1
where UI(I;)H is the best function value obtained until iteration ¢, and R > 0 is a user specified
parameter which determines the broadness of the sample space at each iteration. Note that in
this method, the sample space shrinks iteration by iteration. To ensure the convergence of the
algorithm to the set of global minima, the moves at each iteration are required to admit the

following distribution as the invariant distribution,

@ (U +N) bod)
[0
fuw® (al) x Z W I(O‘l €E:), z¢ lew (11)
i=1

e i

(®)

where w; "’ are the working parameters which will be updated from iteration to iteration as
described in the algorithm below.

The annealing evolutionary stochastic approximation Monte Carlo includes five types of
moves, the MH-Gibbs mutation, K-point mutation, K-point crossover, snooker crossover, and
linear crossover operators. See Liang (2010) for the details of the moves. Let p1,...,ps,
0 <p; <1and Z?Zl pi; = 1, denote the respective working probabilities of the five types of
moves. The algorithm can be summarized as follows.

The algorithm:

(a) (Initialization) Partition the sample space B into b disjoint subregions Ei, ..., Ey; choose
the threshold value X and the working probabilities p1, ..., ps; initialize a population of(®)
at random; and set w(®) = (w§0), e ,wéo)) =(0,0,...,0), By = U?Zl E;, Urg?izl =U(al?)
and t = 0. Let © be a compact set in R™.

(b) (Sampling) Update the current population o!(¥) using the MH-Gibbs mutation, K-point

mutation, K-point crossover, snooker crossover, and linear crossover operators according
to the respective working probabilities.
(¢) (Working weight updating) Update the working weight w(*) by setting
w; = wz(t) v Hy(w® oMY =1, ,w(UI(Ifi)n +R),
where H;(w®, o!t+1)) = [(o!t+1) € E;) for the crossover operators, H;(w®, o!(t+1)) =

2221 I(al(“‘l’j) € E;)/I for the mutation operators, and ;41 is called the gain factor. If
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w* € O, set wtY = w*; otherwise, set w1 = w* + ¢*, where ¢* = (¢*,...,¢*) and ¢*

is chosen such that w* + ¢* € ©.

(d) (Termination Checking) Check the termination condition, e.g., whether a fixed number

of iterations has been reached. Otherwise, set ¢ — t + 1 and go to step (b).

In this article, we follow Liang (2010) to set p; = pa = 0.05, p3 = ps = p5 = 0.3, and the
gain factor sequence
to

= —— 1t=0,1,2,... 12
Tt max(to,t)’ ) Ly &y ) ( )

with tg = 500000. In general, a large value of ¢y will allow the sampler to reach all the subregions
very quickly even for a large system. As shown in Liang (2010), it can converge weakly toward
a neighboring set of global minima of U(a!) in the space of energy. More precisely, the sample

o) converges in distribution to a random population with the density function

@ (Umin+R)
P(a)

fulah) o ; Wf(xem), (13)

where Upip is the global minimum value of U(«),

Regarding the setting of other parameters, we have the following suggestions. In the al-
gorithm, the moves are reduced to the Metropolis-Hastings moves (Metropolis et al., 1953;
Hastings, 1970) within the same subregions. Hence, the sample space should be partitioned
such that the MH moves within the same subregion have a reasonable acceptance rate. In this
article, we set d;41 — 6; =0.2fori=1,...,b— 1.

The crossover operator has been modified to serve as a proposal for the moves, and it is no
longer as critical as to the genetic algorithm. Hence, the population size [ is usually set to a
moderate number, ranging from 10 to 100. Since N determines the size of the neighboring set
toward which the method converges, N should be chosen carefully for efficiency of the algorithm.
If N is too small, it may take a long time for the algorithm to locate the global minima. In
this case, the sample space may contain a lot of separated regions, and most of the proposed
transitions will be rejected if the proposal distribution is not spread out enough. If N is too
large, it may also take a long time for the algorithm to locate the global energy minimum due
to the broadness of the sample space. In practice, the values of [ and R can be determined
through a trial and error process based on the diagnosis for the convergence of the algorithm.
If it fails to converge, the parameters should be tuned to larger values. As suggested by Liang
(2010), the convergence of the method can be diagnosed by examining the difference of the
patterns of the working weights obtained in multiple runs. In this article, we set [ = 50 and

N = 50.
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3. Proof of Theorem 2 and 3

First, we present the asymptotic properties of the intrinsic estimators under the Log-Euclidean

metric at boundary points below.

Theorem 4. Suppose that xo = dh is a left boundary point of fx(.). Let dky.a = (Ukg+1.ds" "+

Unkot1,d) -

(i)Under conditions (C1)-(C4) in Appendiz 2, we have H{érL(xo; h) — ar(zo)} converges to 0

in probability as n — oo.

(i) For ko = 0, under conditions (C1)-(C4) and (C10) in Appendiz 2, conditioning on x =

{z1, -+ ,zn}, we have
Vnh[H{é1 (04 h) — ap(0+)} — hu&}iul,dvecs((log(D(O—l—)))(l))} —L N(0,%0.4(04)), (14)

where £g 4(0+) = f)}l(O—i—)ug,?lvo_’ngD (04).

(i1i) For ko > 0, under the conditions of Theorem 4 (i), conditioning on x = {x1,-- ,2n}, we

have

hk?(]+1

V(A (04 7) — an(04)} — sy Uy d © 1) (i a @ vees((og(D(0+)) 4+

(ko + 1)1
—% N(0,24(04)), (15)

where $q(0+) = fx'(0+) Uy 4 Vo.alhy g) @ Sep, (04).

Since the proofs of Theorems 1 and 4 can be easily followed from the same lines of arguments
as those of Theorems 2 and 3, we omit them for simplicity. Since the proof of Theorem 3 involves
more details, we only prove Theorem 3 and the proof of Theorem 2 follows the same lines of
arguments. In addition, for notational simplicity, we only prove these theorems for the local
linear regression for the ky > 0 case. We also prove theorems for the local constant regression
because the proof requires some different treatments. The following lemmas are needed for our

technical proofs.

Lemma 3. Let ¥ga(S,G,Y), Yoy (S,G,Y), ¥vyq(S,G,Y) and ¥yy(S,G,Y) be the second
order derivatives of (S, G, Y) with respect to ag and ay. Let R(X) =Y (X) =Y M (2¢)(X —x0)
and assume that conditions (C1)-(C5), (C7) and (C8) hold. For any random m x m lower

triangle matriz sequence n;0 and any random symmetric matriz sequence ;1 € Sym(m), for
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i=1,---,n, if maz|nol =op(1) and maz ||n:i1| = 0p(1), then we have the following results:
1<i<n 1<i<n

ZhKh i — 20)Y66 (s, G(wo) + i, Y (25) + min)

= nth(O—i—)uo a¥1(0+){1+ 0,(1)}, (16)
ZhKh — 20)Yay (Si, G(xo) + mo, Y (x:) + 1) (2 — o)’

= hl+1fx(0+)ul a¥2(0+){1 + 0p(1)}, (17)
Z hE (x5 — 20)¥yy (Si, G(20) + mio, Y (27) + min) (2 — o)

= nhl+1fx(0+)ul aV3(04H){1 + 0, (1)}, (18)

Z hEK (2; — 20)day (Siy Gxo) + mio, Y (25) + 1in) " vees(R(w:)) (xi — xo)!

= inhH'?’fX(O+)ul+2,d‘1’2(0+)TU€CS(Y(2)(0+)){1 +0p(1)}, (19)

Z hE (z; — 0)Uyy (Si, G(x0) + M0, Y () + min) Tvees(R(x;)) (i — o)

= %nhl+3fx(O+)ul+2,d\113(O+)Tvecs(Y(2)(0+)){1 +0,(1)}. (20)

Proof of Lemma 3. We only prove (17), while the remainings can be shown using the same

arguments. It is easy to see that

ZhKh i = o)¥ay (Si, Glzo) +mio, Y (23) + min) (i — o)’
= ZhKh i — xo)¥ay (Si, G(x0), Y (1)) (s — wo)' +

ZhKh i — CUO {Z/JGY(Sm G(%) + Mio, Y(fz) + 77i1) - QPGY(Si, G(CUO), Y(ffz))}(xz - ffo)l

= Tnl + Tho.

Let Zj x = hKp(X —20)(Yay ) j k(X —x0)!, where (¥gy )k is the (4, k)-th element of the matrix
Yay. For the (j, k)-th element (T),1); % in the matrix T}, we have

(Tw)ik = nE(Zix)+ 0y (\/nE(Z2))). (21)
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We calculate the first two moments of Z; ;. below. Note that

E(Zj k) E{hKn(X — x0)(Yay)ju(X — z0)'}

/0 hEn(y — 20)(y — 20)' (W2(9))j x (0) g

h”l/ K(2)2" (Vg (zh + x0)) j.1 fx (2h + 20)d2, (22)

—min{d,1}

which can be approximated by h!*1 A with A = fimin{d,1} K (2)2"(¥2(0+));,1 fx (zo)dz. Specif-

ically, we consider the difference given by
1
Zni=| / ' K(2)2 (Vo (2h + 20)) 1 fx (2h + x0)dz — A.
—min{d,1}

Applying the dominated convergence theorem together with the boundedness and continuity

assumptions on fx(.) and ¥y(.), we get lim Z, 1 = 0. Thus,
n— oo
E(Zj ) = K fx (04) (W2(04))j pur,a{l + o(1)}. (23)

Since fx (z) and E{(’l/)c;y)ikp( = z} are bounded, there exists a dg > 0 such that |fx (.’t)E{(wG}/)?

x}| < ds for all z. So we have

E(Z2,) E{R*KR(X — 20)(Yay) x(X — z0)?'}

- / B2 (y — 20) (y — 70)* fx () B (v )24 X = y}dy

1
= hzl“/ . K2 (2)2% fx (zh+ w0) E{(Yay )5 1| X = zh + wo}dz
—min{d,1}

AN

1
dsh? 1 / K?(2)2%dz.

—min{d,1}
By the continuity of K(.), we have fimin{d,l} K?2(2)2%dz < dy for a given d4 > 0 and
E(Z}) < dsdgh®t. (24)
Combining with (21), (23) and (24), we have

(L) = nh'™ (fx (o) a(zo)urafl + o(1)} + Op(1/Vnh))
= nh™ fx (04)(W2(0+))jkura{l + 0p(1)}-
That is, Tn1 = nh!™ fx (0+)u;, g W2 (04+){1 + 0,(1)}.

To prove (17), it suffices to show that T,,5 = op(nh”l). Let Ano = {mo0, - ,nm0} and

Ap1 = {mi1, - yMn1}, where 1o is lower triangle matrix and 7;; € Sym(m) for i = 1,--- ,n.
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For any given § > 0, denote Ds = {A,, = (Ano, A1) ¢ [|miol|> + Imi1[|* < 6%, Vi < n}. Define

V(An) = # Z hK (i — x0)(x: — z0) {¥ay (Si, G(0) + mi0, Y (i) + 7i1)
i=1

Yy (i, G(xo), Y (1)) }-
Then, we have
sjtjlpHV(An)H < th ZhKh — 20)(zi — x0)"
s
SBP\WGY(Si, G(z0) + ni0, Y (i) +mi1) — Yoy (Si, G(wo), Y (w))]]-
s
By using condition (C8), as 6 — 0, we have
€5 = E{SBPH'QZJGY(Siv G(zo) + mio, Y (2:) + ni1) — ey (Si, G(x0), Y (wi))[l|ws = x} = o(1).
s

Therefore, as § — 0, we have

E{SBSV(An)||}<65 yNEe] {ZhKh x; — xo)( -—gco)l}—>0.

Since max [0l = 0,(1) and max |1 || = 0p(1), we have V(A,) = 0,(1) for A, = (Ao, A1)
with Ano = (7105 ,Mmo)” and Apy = (11, -+ 1) 7. Thus, T = nh 1V (A,) = o, (nh!*1),
which finishes the proof of (17).

Lemma 4. Let (S, G,Y) and ¥y (S,G,Y) be the first order derivatives of ¥(S,G,Y) with
respect to ag and oy, respectively. Assume that conditions (C1)-(C8) hold. Then we have

ZhKh i — 20)Ya(Si, G(@o), Y (20) (2 — m0))

= %nh?’ Fx (04)ug aWa(04) T vees(Y 2 (04){1 + 0,(1)} +

ZhKh i — 20)¥a(Si, G(x0), Y (1)), (25)

n

ZhKh = 20)vy (Si, Gao), YV (o) (2: — o)) (s — o)’
= lnhH'ng (04+)ur2.a93(0+) Tvees(Y @ (04)){1 + 0,(1)} +

ZhKh i = 20)¥y (Si, G(o), Y () (xi — wo)". (26)
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Proof of Lemma 4. We just prove (25), while the second one can be similarly shown. We

consider

In

ZhKh i = 20)¥a(Si, G(xo), Y (i) — R(zi))

= ZhKh i — o) [Wa(Si, G(xg), Y (2;)) + Yay (Si, G(x0), Y () vees(—R(x;))

+{¢G(Si, G(wo), Y (2;) — R(z:)) — ¥a(Si, G(xo), Y (24))
—tay (Si, G(x0), Y (2;)) " vees(—R(x;))}]

We need to consider Jy,1, Jpn2, and J,3 as follows. By using condition (C2) and the Taylor’s

series expansion, we have

1
max {[R(i)|[1(|zi —xo| Sh)} < 5 sup [YE(©)[|h* = Op(h?).
[§—zo|<h

Let Ds = {An = (m1,- -+ ,m0) = |0l < 0,m; € Sym(m),Vj < n} for any § > 0. Define

V(A,) = % Z hEKp(zi — xo){¥c(Si, G(x0), Y (i) +ni) — ¥a(Si, G(x0), Y (24))
—ay (Si, G(x0), Y (2:)) " vecs(mi)},

By using condition (C8), as ¢ — 0, we have ¢5 = E{sup||vc(S:, G(zo),Y (x;) + mi) —
Ds
Y6 (Si, G(20), Y (2:)) — Yoy (Si, G(x0), Y (2:)) T vees(n;)|||x; = x} = o(d) uniformly in a neigh-

borhood of xg. Therefore, for all |x; — zo| < h, we have, as § — 0,
E{SBpHV( < 657 {ZhKh . — T } o(1).
s

Since Jmax {|R(z)|I1(|z; — zo| < B)} = Ou(h?) = 0,(1), we have V(A,) = o,(h?), where
A, = (é(xl), -+, R(z,)). This leads to Jn3 = nhV(A,)) = 0,(nh?). Applying equation (19) in

Lemma 3 to the second term J,2 in (27), we get
— 1 3 T (2)
Jn2 = 2nh Fx (04)uz g W2 (0+)" vees(Y (04)){1 + 0p(1)},
which yields (25).

Lemma 5. Assume that conditions (C1)-(C9) hold. Let

. _(Z SILy b (e = 20 (i Glao), Y (@) ) o9

o hEy (27 — x0) (2 — 20) 0y (S5, G(20), Y () /b



12 Yuan, Zhu, et al.
Then T, /vVnh is asymptotically normal with mean zero and covariance matriz

v0.a¥11(04)  v1,4%12(0+)
S = fx(0 ’ ’ 1+o(1)}, 29
7= fx(04) T (00)T 090 T (04) {1+o(1)} (29)

where v q for k=0,1,2 and ¥11(x), Y12(x) and Vaa(z) are defined in Section 4.2.
Proof of Lemma 5. Let Tcgij), and 7'(”) denote the jth elements of ¥ (S;, G(xo), Y (x;)) and
Yy (Si, G(xo), Y (x;)), respectively. Let

hKp(z; — 20)Yc(Si, G(z0), Y (2i))

7711' ==
hKp(zi — x0) (i — 20)Yy (Si, G(w0), Y () /h

Note that 7,; are independent and 7,, = Z?:l Tri-
It follows from Lemma 2 that E(7,;) = E(7,) = 0 and the covariance matrix of 7, /vnh is

Z (X —x0)/h
EE hZK%(X —.TO) wGwGa ZZJG?/Jy( O)/
nh Yy Y&(X = 0) /b, Yy i (X — x0)?/?
Using the same arguments as in Lemma 3, we can obtain the asymptotic expression for the

covariance matrix of 7,, which equals ¥ in (29). Finally, we will show that the sequence

Tni/Vnh satisfies the Linderberg-Feller condition:

{||\/7||>6}}—>0 for any ¢ > 0. (30)

Let b > 0 and ||Tn;-||2 = <Téf”>2 o (T2 2 (T2 4 4 (D)2 (@ — 20)?,

’ ; {’ >of| <K= { L)) ||7;;i||<b+2>}

(Vnh)b+2(e)b
1 )RR (0+2) . — 2h
-/ Tl Do = bt}
min{d,1} (Vnh)bt+2p=1¢b
< /1 E{[[$a(S:, G(ao), Y (X)X = zh+ zo} |
= Jominga1y {K(2)} "2 (VRh)P 2 fx (zh + 20) " th—leb
Combining conditions (C4) and (C9) yields that there is a constant ds > 0 such that > |, K; <
dsnh/(v/nh)**2 — 0. Thus, it follows from the Linderberg-Feller theorem that 7, /v/nh is

E

asymptotically normal with mean 0 and covariance X.
Proof of Theorem 3 (i). Let Y (z) = hY W (x0), v = (vees(G(z))T, vees(Y D (2))T)T and
Yo = (vees(G(z0))T, vees(hY (D (20))T)T. Thus, G, () can be written as

ZhKh i = 20)P(Si, Gl0), Y (wo) (x; — x0) /h).
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Let Us(yo0) = {7 : ||7 — Yl| < ¢} for 6 > 0. We will show that for any small § > 0,

lim P{ inf Gup(y)>Gn(y)} =1. (31)

n—oo  yeUs(yo)

By a Taylor’s series expansion, we have

(v =70) "GP (") (v =), (32)

DN | =

Gn(7) = Ga(10) = G (%) (v = 70) +

where 7y € Us(70) and v* = (vecs(G ()7, vees(Y P (2,))T)T lies in between v(zp) and 7.

It follows from Lemmas 4 and 5 that
(nh) "G4 ()

ba(S, G(xo), Y (wo) (s — 20))
= hKp(z; —x
hz e ( Uy (8. G(w0), YO (o) (@ — w0)) i — 20) )

ug,q¥2(0+)
u3,q¥3(0+)

V6 (Si, G(wo), Y (2:))"
— hKp(z; —x
+ Z n 0 ( h=Y(@; — 20)ty (Si, G(w0), Y ()T )

= %hz Fx (0+)vees(Y ) (04)) ( ) {1+ 0,(1)}

1

= 5h2 Fx (04) (u2.4%2(04+) T uz, g U3 (04)T) Tvees(Y P (04)){1 + 0, (1)} + —Tn
= op(1).
We define A(S,G,Y, X) as
wGG(Sa Ga Y) (X - l‘o)h_leG(S, Ga Y) (33)
(X — xo)h71¢gy(5, G, Y) (X — I0)2h72¢yy (S, G, Y)
With some calculation, we have
nh ;2) — Z hEKp(x; — x0)[{A(S;, G(x*) )( )z — mo)h_l,xi)
_A(S’L’ G<x0)7 ( 1)7 Z)} + A(Sla G(J?o), Y(xi)a Z‘z)]
= nl + Mn2

It follows from (16), (17) and (18) in Lemma 3 that

u07d\I/1 (O+) ulﬁd\Ifg (0+)T

Mnz = Jx(@0) ( u1,aW2(0+)  u24¥3(0+) ) o)

which is positive definite in probability. Note that [|G(z.)—G(x0)|| < ¢ and for all |z; — x| < h,
we have max||Y ™ (z,)(x; — 20)/h — Y (2;)|| < max]||R(x;)|| + 6. Then it follows from Lemma 3
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that lim suplim sup||M,1]| = 0 in probability. Thus, for any v € Us(v0), we have for sufficiently

5§—0 n— oo

small 6 >0

lim P inf (7 —90)7GP (1) (3 — 70) > 0.5af (20)6%] =

n—oo  yeUs(yo)Nh

which yields that G,,(v) has a local minimum 4 = (vecs(G)T, vecs(hY (D)T)T in the interior of
Us(y0). Then, we have le P{||%» — 70|l < ¢} = 1. This implies Theorem 3 (i).

n oo
Proof of Theorem 3(iii). Let fly = G — G(xo) and 71; = {YD) — YO (z0)} (@ — o) — R(x).

The estimator 4 satisfies the following local estimating equations:
ZKh — 20)05 (S5, G, YV (2 — ) = 0, (34)
where 9,1(S,G,Y) = (Y (S, G, Y)T, (X — zo)vy (S, G, Y)T)T. It follows from (34) that

Z hE(x; — 0)[0,9 (S, G(20), Y (1)) + 02, (S, G(0), Y ()" (vees(o) ", vees(fns) )"
+{0,9(S, G(o) + 1o, Y (25) + 115) — 0,0(S, G(20), Y (2:))
- 32,71/1(5, G(JUO),Y(xi))T(vecs(ﬁo)T,Vecss(ﬁl,-)T)T}] =0. (35)

Note that the second term on the left hand side of (35) equals the sum of L,; and L2, which

can, respectively, be approximated by

vees (o)
Ln - hKh - :EO SZ7 G xo
' Z Al ( ( h-vees(Y (D) — Yy (D) ()
W40 Uy
— e (04)nh u0,aP1(0+) w1 qTs( VeCS(Uo) «
ULd\I/Q(O—F) U9 d\I’3 h- VGCS 1 — Y(l)(l‘o))
{]‘ + OP(]')};
Ly = ZhKh — x0)A(Si, G(20), Y vees(
h - vecs( )
1 Ws (04
= a0t |0 ey @ 01 4 0,1
2 U3’d\:[’3(0+)
By the consistency of 4 = (vecs(G)7, vecs(hY )T we have |7 || = 0,(1) = O, (|G — G (x0)|)

and

sup Al < sup (RG] + RV =YD (o)1}

{Z‘:L—:Eo‘éh} {1‘17—10‘§h}

= Op(h® +hlIYH =YD (@o)]) = 0p(1).
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Thus, it follows from (C8) and Lemma 4 that the third term on the left hand side of (35) is at

the order of o,(nh){h? + |G — G(zo)|| + A[TD — YO (x)]}. Let

-7
B2 ( w01 (04) g g Wa(04)T ) ( s, g Us(0-4)T
2 )

B, = — vees(Y 3 (0-4)){1 + o,(1)}.
u17d\1’2(0+) ug,d\Ifg(O—l— u37d\113(0+)T ) :

Then from (35), we obtain that

-T

U, (04 Ty (04)T
Uo,d 1( ) Ul,d 2( ) 7;1{1_’_01)(1)}-

4 =0 = Bn + {nhfx(0+)}"
u1,q¥2(0+)  u2q¥s3(0+)

Finally, Theorem 3 (iii) follows from Lemma 5 and the Slutsky’s theorem.

The above derivation holds for any ko > 0. When ky = 0 and K(.) is symmetric, the
following modifications need to be made.
Lemma 6. Let no(X) = G(X) — G(x). Assume that conditions (C1)-(C5) and (C7) hold. If

xo is an interior point of fx(-), then we have
Z hKp(zi — 20)vae(Si, G(w;))vees(no(;))
e 3 (@0) + 056 (wo) fx (w)ua {1 + 0, (1)} (36)
If 20 s a boundary point of fx (), then we have
Z hKp(x; — 20)Yaa(Si, G(x;))vees(no(x;))

= nh? fx (04)U 1 (0+)GP (0+)uy a{1 + 0,(1)}. (37)

Proof of Lemma 6. We only prove equation (36). Let

T = Z hEKp(x; — 20)Vaa (S, G(a;))vees(no(x;)).

For the (j)-th element (75,1); of the vector T, we have

(Tn1); = nE(Z;) + Op(\/nE(Z])). (38)

We calculate the first two moments of Z; below. Note that

E(Z;)

E[hKp(X —x0)(Yaa(Si, G(X))vecs(no(X))),]
/ W (y — z0)(E{ta(Si GX)|X = yyvees(no(y))); fx (v)dy

— 00

1
h[l K(2)(E{tYac(S:, G(X))|X = zh + zo}vecs(no(zh + x0))); fx (zh + x0)dz,
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By a Taylor’s series expansion, we have no(zh + o) = G () zh + G?) (20)(2h)?/2. Applying

the dominated convergence theorem together with the continuity assumptions on f )((1 ) (),G()®

and Wy (.) yields
E(Z;) = Wus(¥(20){G (o) £y (w0) +0.5G) (o) fx (20)});{1 + 0(1)}. (39)
By the continuity f)((1 ) (x) and G(z)® together with condition (C7), we have

B(Z}) = E{WK{(X —w0)(¥cc(Si,G(x))vecs(no(x:)))7}

| WK~ w0 i () (Bla (S, GOOIX = yhvees(in(v) 2y

h /_ R (o4 0) (Bl (S. GXO)X = 2h+ a0
vecs(no(zh + xo)))?dz
R3*{1 4+ O(h)} (40)

Combining with (38),(39) and (40), we have

(Tn1); = nh®[(W1(zo){GD (20) £ (20) + 0.5GP (20) fx (o) })juz{1 + o(1)}
+0,(1/Vnh3)]

= k3 (W (20) {GD (20) 1§ (x0) + 0.5GP (20) fx (z0)})jua {1 + 0,(1)}.

That is, Ty = nh3¥; (20){GD (20) £ (20) + 0.5G (o) fx (o) bua{l + 0p(1)}.
Lemma 7. Assume that conditions (C1)-(C7) hold. If xo is an interior point of fx(-), then

we have

ZhKh — X0 wG(SuG(xz))
= nml(xo){c:(”(xo) o) + 05GP () fx (o) bua {1 + 0, (1)} +

ZhKh i — 20)Ya(Si, G(zo)). (41)
If 2o is the left boundary point of fx (),
Z hKh — X 1/}G(Sza G(I’L)) (42)

= nh2fx(0+)\l/1(0+)G(l)(0+)U17d{1 =+ Op(l)} + Z hKh(l‘l — .ﬁo)w(;(si, G(Jfo))



LocalSPD 17
Lemma 8. Assume that conditions (C1)-(C9) hold. Let

T, = Z hK (x5 — 20)Ya(Si, G(x;)). (43)

Then T, /vVnh is asymptotically normal with mean zero and covariance matrices

Y = fx(z0)voP11(xo){1 + 0o(1)} if xg is an interior point of fx(z), (44)
Y = fx(0+)voP11(0+){1 + o(1)} if o = dh is a boundary point of fx(x).  (45)

The proof is similar to the proof of Lemma 5.
Proof of Theorem 3(ii). We use Lemmas 6-8 and follow the same lines of Theorem 3 (iii) to

prove Theorem 3 (ii).

4. Comparisons

We study the asymptotic relative efficiency of the intrinsic local constant and linear estimators
in an interior point xy under the trace and Log-Euclidean metrics by comparing their AM-
SEs/AMISEs. We use AMSE,,; and AMISE,,; to denote the AMSE and AMISE evaluated at
their optimal bandwidth. We first compare AMSE,,,; for the intrinsic local constant estimators
under the trace and Log-Euclidean metrics. Specifically, with some calculations, we see that as
n approaches oo, the ratio of AMSEOpt(log{ﬁIT(xo; h,0)}) over AMSEOpt(log{ﬁ[L(xo; h,0)})

converges to

tr{GD(x0)®2\111(xo)1\1111(330)‘111@0)1}] 4/
tr{ZSD (xo)}

. {tr([GD(Io)TVGCS{f)((l)(IO)fX (Io)_lG(l)(x()) +0.5G@) (20)}]%2) }1/5 | "

rMSE(T, L;0) = [

trfvees{ £’ (wo) fx (o)~ log(D(20)) M) + 0.5 log(D(w0)) @} #?]
which is the product of two terms. The first term is associated with the ratio of the covariances
of the intrinsic local constant estimators of log(D(z()) under the two metrics, while the second
term is associated with their biases. Consider the simplest scenario with m = 1 such that
D(z0) = G(x0)? and G(z0) > 0. By simple calculations, we can show that the first term equals
one and the second term equals

O (20) e (20) " GO () + 0.5G2 () v

1 @0) x (20) 7 G D (0) + 0.5G) (0) — 0.5{GD) (0) 2/ Glo)
which yields that rtMSE(T, L;0) > 1 if and only if

0.25{G M) (20)}2/G(x0) < O (20) fx (20) G (o) + 05GP ().
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Thus, whether rMSE(T, L; 0) is greater than 1 depends on both the design density and D(x)

itself as a function of z.

Similarly, we define rMISE(T, L; 0) as the ratio of AMISE,,, (1og{D1T (x0; h,0)}) over AMISE,,,
(log{D;p(x0; h,0)}). Following similar arguments to rMSE(T, L; 0), when m = 1, we have that
rMISE(T, L; 0) > 1 if and only if

0.25 / (G (2))2G () w(x)de < / (9 (@) fx ()72 6D (@) + 056 (2) hw(w)da.

Therefore, in terms of AMSE,,; and AMISE,;, the trace metric is not uniformly superior to
or worse than the Log-Euclidean metric for reconstructing all D(z).

We compare AMSE,,; for the intrinsic local linear estimators under the trace and Log-
Euclidean metrics. Asn approaches oo, the ratio of AMSE,,, (log{DlT (03 h,1)}) over AMSE,,;
(log{D;(x0; h,1)}) converges to
[tf{GDm)@mo(xo)} v

tr{Ze, (20)}

x {tr([GD(l‘o)T‘I’l($0)_1‘1’2T(330)V€CS{Y(2) (z0)}®?) }
tr(vecs[log{ D(x¢)}(2)]®2)

rMSE(T, L; 1)

1/5
(47)

We also consider the simplest scenario with m = 1 such that D(z) = G(z0)? exp(Y (z)) and
G(zo) > 0. With some calculations, we can show that rMSE(T, L; 1) equals one when m = 1.
Thus, the two metrics are actually the same for one dimensional case. However, when m > 1,

it is unclear whether rtMSE(T, L; 1) equals to 1 or not.

5. Expressions of optimal bandwidths
By Theorem 1 (iii), AMSE(log{D;(20; h,0)}) equals

hudtr{(vees[0.5log{ D(z0)}® + £ (wo) fx (w0) ' log{ D(0)}V])¥2}
+uo{nhfx(zo)} " tr{Se, (z0)}- (48)
Minimizing AMSE(log{ Dz (x0; h,0)}) and AMISE(log{ Dy (x0; h,0)}) leads to
_ vo{nfx(zo)} M tr{Se, (20)}
dustr{(vecs[0.5log{D(w0)}*) + £ (w) fx (w0) " log{D(wo)}N])#2}

_ vo{nfx(w0)} ™! [ tr{Ze, (w0) }w(x)dz .
4u3 [ tr{(vecs[0.51og{ D(w0)}® + £ (o) fx (20) L log{D(x0) }V])®2}w(w)da

hapt,L(-TO; 0)5

(49)

hopt,(0)°

For the intrinsic local linear estimator, AMSE(log{ Dy (xo; h,1)}) is given by

0.25h*u2tr{ (vecs[log{D(z0) Y P))®2} + vo{nhfx (x0)} " tr{Ze, (z0)}. (50)
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Intrinsic local constant and linear estimators have the same asymptotic covariance and their

differences are concerned only with their biases. The local constant estimator has one more
term hQU2f)(<l)(ac0)fX(xo)_1vecs[log{D(x0)}(1)], which depends on the marginal density fx(.).

Subsequently, we can get the optimal bandwidths, which detailed expression can be found in

supplement.
s infx (wo)} Mot {Se, (o)}
hopt,r.(0;1)° = uZtr{(vecs[log{ D(zo) } @])®2}’ (51)
(1) — 0 e @) (o)) ol 52

~ ud [ ur{(vecs[log{D(z0) @) ¥ w(z)da

It follows from the delta method that AMSE(log{ D7 (zo; h,0)}) can be approximated as

hiudte([G p (20) Tvees{GM (o) £ (o) fx (20) ™" +0.5G?) (20)}]%2)
+ (nh) " 1tr{G p(20)®?Qo(z0)} + o(R* + (nh)™1), (53)

where G p(zo) = {0vec(log(G(z¢)®?))/dvecs(G(x¢))T}T. The asymptotic bias and variance of
D 17(0; h,0) are similar to those of the Nadaraya-Watson estimator when response is in Eu-
clidean space (Fan, 1992). By minimizing AMSE(log(ﬁIT(;UO; h,0))) and AMISE(log(DIT(a:O; h,0))),
we have
n~Yr{Gp(20)®*Q0(z0)}
4u3tx([Gp (o) Tvees{GW (z0) i) (w0) fx (w0) ™" +0.5G ) (20)}]92)
B n~t [tr{Gp(x0)®?Qo(z0) }w(x)dz
a2 [ (G p(wo) Tvees{ G (x0) U (o) fx (w0) ~ + 0.5G) (w0) }#2)w(x)dar

hopt,T (JjO; 0)5 =

hoznt,T(O)5

For the intrinsic local linear estimator, AMSE(log(Dyr(xo; h,1))) is given by
0.25h" ustr[{G p (0)" W1 (20) W3 (wo)vees(Y P (20))}#%] + (nh) ™ tr{G p (w0)** Qo (w0)}. (54)

Minimizing AMSE(log(D;r(xo; b, 1)) and AMISE(log(Dy7(z0; h, 1))), respectively, leads to

n~r{Gp(20)®*Q0(z0)}
u3tr[{Gp(w0)T W1 (o) =1 W3 (wo)vees(Y (P (xo))}#2]”
n=t [tr{Gp(20)®?Qo(z) }w(z)dx
u3 [ tr[{G p (o)W1 (20) ~ W (z0)vees(Y @) (20))}#2]w(w)dz

hopt,T(xO; 1)5 = (55)

hopt,r(1)° =

6. Figures

This section displays AGD and LAGD for the trace and Log-Euclidean metrics. Figure 1
and Figure 2 are for the trace and Log-Euclidean metrics, respectively at the moderate noise

level 1. We observe that the comparison measurements based on these two metrics reveal
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results similar to that under the Euclidean metric. Under all metrics, the local linear estimator

is superior to the local constant estimator. Also, our ILPREs outperform the corresponding
estimators under the Euclidean metric and the tensor spline estimators under the noise models
(a) and (b). For the Rician noise model, our ILPREs under the Log-Euclidean metric slightly
outperform than those under the trace and Euclidean metrics. Moreover, the local constant
and linear estimators outperform the tensor spline estimators under all noise distributions.
The variations of AGDs for ILPREs under the trace metric are larger than those under the
Log-Euclidean metric under all three noise distributions. The U shape of the LAGD curves
indicates that interior points have smaller LAGDs than those near the boundaries and there
are more design points in the center than those on the boundaries.

Figure 3 and Figure 4 are for the trace and Log-Euclidean metrics, respectively at relatively
high noise level ¥ = 4%;. We observe that the comparison measurements based on these two
metrics reveal results similar to that under the Euclidean metric. When the noise level is high,
the intrinsic local linear estimators under the trace metric slightly outperforms those under the

Log-Euclidean metric under the noise models (a) and (b).
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Fig. 1. Comparisons of the local constant and linear estimators under the three metrics and the tensor
spline estimators under the three noise distributions. Panels (a)-(c) of the first row show the boxplots
of 1000xAGDs obtained from seven different estimators, in which LCL, LCT, and LCE, respectively,
represent the local constant estimators under the Log-Euclidean, trace and Euclidean metrics, LLL,
LLT, and LLE , respectively, represent the corresponding local constant and linear estimators under
the metrics, and SP represents the tensor spline estimator. Panels (d)-(f) of the second row show the
log,,(LAGD) curves based on LCL (dash-dotted line), LCT (dashed line), LCE (dotted line), and SP (solid
line). Panels (g)-(i) of the third row show the log,,(LAGD) curves based on LLL (dash-dotted line), LLT
(dashed line), LLE (dotted line), and SP (solid line). The columns correspond to the three noise models:

column 1: Riemannian log normal; column 2: log normal; and column 3: Rician.
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Fig. 2. Comparisons of the local constant and linear estimators under the three metrics and the tensor
spline estimators under the three noise distributions. Panels (a)-(c) of the first row show the boxplots
of 1000xAGDs obtained from seven different estimators, in which LCL, LCT, and LCE, respectively,
represent the local constant estimators under the Log-Euclidean, trace and Euclidean metrics, LLL,
LLT, and LLE , respectively, represent the corresponding local constant and linear estimators under
the metrics, and SP represents the tensor spline estimator. Panels (d)-(f) of the second row show the
log,,(LAGD) curves based on LCL (dash-dotted line), LCT (dashed line), LCE (dotted line), and SP (solid
line). Panels (g)-(i) of the third row show the log,,(LAGD) curves based on LLL (dash-dotted line), LLT
(dashed line), LLE (dotted line), and SP (solid line). The columns correspond to the three noise models:

column 1: Riemannian log normal; column 2: log normal; and column 3: Rician.
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Fig. 3. Comparison of the intrinsic local linear estimators under the Log-Euclidean and trace metrics for

the first two noise models at a relatively higher noise level: Panels (a) and (c): Riemannian log normal;
Panels (b) and (d): log normal; Panels (a) and (b): the boxplots of AGDs for LLL and LLT; Panels (c) and
(d): the log,,(LAGD) curves of LLL and LLT.
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Fig. 4. Comparison of the intrinsic local linear estimators under the Log-Euclidean and trace metrics for

the first two noise models at a relatively higher noise level: Panels (a) and (c): Riemannian log normal;
Panels (b) and (d): log normal; Panels (a) and (b): the boxplots of AGDs for LLL and LLT; Panels (c) and
(d): the log,,(LAGD) curves of LLL and LLT.



