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�
Increasing  Precision by 


Grouping (Blocking) Similar Units








Topics





		Randomized block designs





		Anova for randomized block designs





		Gain in precision due to blocking





		Latin Square designs





		Gain in precision due to eliminating 


			a second source of variation
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Contributions of Statistics to Experimentation





			1.	Factorial Experiments





			2.	Replication





			3.	Randomization





			4. 	Local Control








Local Control





	More powerful experiments by restrictions on the


	randomization of treatments to experimental units.





	Examples:	balanced randomization, 	blocking





�
Randomized Block Designs





Homogeneous collections of measurements





	--small variation within "blocks"


	--larger variation between "blocks"








Examples of blocks





	--Adjacent plots in an agriculture study


	--Days on which measurements are made


	--Demographic strata


	--Person measured more than once 








Randomized block design  (RB, RCB)





	--Randomly assign one of g treatments 


		to each unit within a block





	--The number of treatments must equal 


		the number of units within a block


�
Baby Food Example 


(Fleiss, p. 245)





Blocks (i)    		4 infants


Treatments (j)		4 baby formulas


Experiment		one week on each formula


Outcome			Yij = “weight gained (oz / day)” 





							for infant i on treatment j


Results	


�
week�
week�
week�
week�
�
�
�
Infant�
1�
2�
3�
4�
�
Mean�
�
1�
0.40 B�
1.11 C�
1.16 D�
0.88 A�
�
0.8875�
�
2�
0.20 C�
1.04 D�
0.57 A�
0.80 B�
�
0.6525�
�
3�
1.14 A�
1.11 B�
1.32 C�
1.38 D�
�
1.2375�
�
4�
1.08 D�
1.34 A�
1.73 B�
1.55 C�
�
1.4250�
�
�
�
�
�
�
�
�
�
Mean�
0.7050�
1.1500�
1.1950�
1.1525�
�
1.0506�
�



�
A�
B�
C�
D �
�
Mean�
�
Mean�
0.9825  �
1.0100�
1.0450�
1.1650�
�
1.0506�
�



Note: too many decimal places shown.�
Additive model  Yij  =  (   +  (i   +  (j  +  eij   





Blocks:			4 infants 		i = 1, 2, ... , n=4	


Treatments:	4 formulas 		j = 1, 2, ... , g=4





Two independent sources of variance:  


	V[ Yij | Trt. ] =  ( (b2 +  (2 ) =  (T2.


	(i  is a r.v. with mean 0 and variance (b2 . 


	eij  is a r.v. with mean 0 and variance (2 .





Intra-class correlation is 	( = (b2 / (T2. 


	(a.k.a.,  intra-individual,  within-block,  etc.)





Between-individual differences:


	V[ Yi A - Yi’ B  | Trts ]	= 2 (T2     for  i ( i’


 


Within - individual differences:


	V[ Yi A - Yi B  | Trts ]	=  2 (T2 ( 1 - ( )   =   2 (2








Recall that  V[a-b] = V[a] + V[b] - 2Cov[ a, b ]�
 


ANOVA  Table





Source�
df�
Mean Sq.�
�
�
�
�
�
Treatment�
g-1�
TMS�
�
Blocks�
n-1�
BMS�
�
Residual�
(g-1)(n-1)�
RMS�
�
�
�
�
�
Total�
ng-1�
�
�



Baby formula example





Source�
df�
Mean Sq.�
�
�
�
�
�
Treatment�
3�
0.0259�
�
Blocks�
3�
0.4803�
�
Residual�
9�
0.1061�
�
�
�
�
�
Total�
15�
�
�
�
Sums of Squares





We note that  V[ Yij | j ] = (b2 + (2  can be estimated by


��


V[ Yij | j ]  =  BMS/g  + RMS(g-1)/g . 





This weighted average of BMS and RMS can be 


derived using  E[ BMS ]= g (b2 + (2  and E[ RMS ]= (2.


Further details are as follows:


� EMBED Equation.2  ���


� EMBED Equation.2  ���





Relative Efficiency





In the randomized block example,  we have N=16 data values  --  4 per treatment.   What is the gain in efficiency by using this design?   V[ Yij | x ] = (2


��


 V[ Yij | x ]  =  RMS. 





We could have performed an experiment using N=16 infants,  4 infants per treatment,  with no blocking.


The relative efficience of the randomized block design is


��


RE = 100%   V[Yij | j ]   /   RMS





In the example,   RMS = 0.1061  and


��


V[Yij | j ] = 0.4803 / 4  +  0.1061 (4-1)/4  =  0.2000








RE = 100%  0.2000  /  0.1061  =  188%





�
Latin Square Designs





Blocks (i)    		4 infants


Treatments (j)		4 baby formulas


Times (k)			4 weeks (“columns” or “positions” )


Outcome			Yij = “weight gained (oz / day)” 





Results	


�
week�
week�
week�
week�
�
�
�
Infant�
1�
2�
3�
4�
�
Mean�
�
1�
0.40 B�
1.11 C�
1.16 D�
0.88 A�
�
0.8875�
�
2�
0.20 C�
1.04 D�
0.57 A�
0.80 B�
�
0.6525�
�
3�
1.14 A�
1.11 B�
1.32 C�
1.38 D�
�
1.2375�
�
4�
1.08 D�
1.34 A�
1.73 B�
1.55 C�
�
1.4250�
�
�
�
�
�
�
�
�
�
Mean�
0.7050�
1.1500�
1.1950�
1.1525�
�
1.0506�
�



�
A�
B�
C�
D �
�
Mean�
�
Mean�
0.9825  �
1.0100�
1.0450�
1.1650�
�
1.0506�
�



Additive model   Yij  =  ( + (i  + (j  + (k  + eijk





Notice:  we now recognize a third source of variance.


ANOVA  Table





Source�
df�
Mean Sq.�
�
�
�
�
�
Columns�
g-1�
CMS�
�
Treatment�
g-1�
TMS�
�
Blocks�
n-1�
BMS�
�
Residual�
(g-1)(n-2)�
RMS�
�
�
�
�
�
Total�
ng-1�
�
�






Baby formula example





Source�
df�
Mean Sq.�
�
�
�
�
�
Columns�
3�
0.2141�
�
Treatment�
3�
0.0259�
�
Blocks�
3�
0.4803�
�
Residual�
6�
0.0521�
�
�
�
�
�
Total�
15�
�
�
�
Relative Efficiency





Similarly, the relative efficiency of using the Latin Square design (which controls and accounts for week-to-week variability)  is a follows:


 


��


V[Yijk | j ] =  CMS / g    +   RMS (g-1) / g








In the example,  we now have RMS = 0.0521  and


��


V[Yijk | j ] = 0.2141 / 4   +  0.0521 (4-1)/4    =  0.0926








RE  =  100%   0.0926  /  0.0521  =  178%


�
Latin Square Des
