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�
Factorial Designs 


(continued)


			


Topics





1.	Example of a 2-factor study 


		--factor levels are ordinal


		--unequal allocation EUs





2. 	More than 2 Factors








3.	Selecting the number of levels 


	and their coverage for each factor








4.	Orthogonal parameterizations 


�
Percision Optimized by Balanced Allocation


( n1 = n2 = N )


Suppose 


	we want to compare two levels of a single factor,


	we can afford to study  2N  Experimental Units,


	Yij  =  “measurement for subject j  in group i ”


	the contrast of interest is   (  =  (1 - (2 .


	Group 1:	n1 =  2N ( p			 


	Group 2:	n2 =  2N ( (1-p) 		0 <  p < 1


 


Claim:  We should choose  p = 1/2.





��Rationale


�	Statistic of interest,     (  =  ( Y1.  -  Y2. )  





	has variance   (2 (2N)-1 ( p - p2 )-1  = f(p).





	f(p) is minimized by choosing  p = 1/2. 





Notes:


	First derivative with respect to p, 


		f’(p) =  -(2 (2N)-1 ( p - p2 )(1-2p) 


	is zero only when p = 1/2.  Furthermore, f”(1/2) > 0. 


	Example:   Test  Timing  Study





Two Factors





	A 	amount of time allowed to take a test


			50 minutes		(i=1)


			55 minutes		(i=2)


			60 minutes		(i=3)





	B	number of items on the test


			48  items 		(j=1)


			54  items 		(j=2)


			60  items 		(j=3)





Outcome		   Y = “number of correct items 


					     among the common items”





Measurements	   { Yi j k  :  i=1,2,3   j=1,2,3   k=1,2,..., nij }    





Crossed-Factors Treatment Design





Random Allocation of EUs to Treatments 





�
3 ( 3  Factorial  Treatment Design 





Model for Variance & Covariance


      Total  independence  with   V[ Yi j k ] = (2   ( (i, j, k)


 


“Reference-Cell”  Model for Mean Response











Entry is (ij�
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Additive model:		0  =  (22  =  (23  =  (32  =  (33


Interaction model:		some non-zero 


Unbalanced  Allocation 





									Factor B


�
    nij �
48 items�
54 items�
60 items�
�
�
50 min�
134�
149�
142�
�
Factor A�
55 min�
119�
118�
119�
�
�
60 min�
168�
169�
171�
�
total= 1289


Cell sizes are unequal


1289 EUs  / 9 treatments   � EMBED Equation.2  ���   143 EUs per treatment





Implications		





	Overall loss of precision.





	Precision not the same for all estimators.





	Othogonal  ANOVA decompostions  not  possible.  





		Estimation and inference  is not as simple.





		Must use methods for unbalanced ANOVA.


	�
ANOVA estimates for the “no interactions” model








� EMBED Equation.2  ���  is the Mean Number of Correct Items





									Factor B


�
� EMBED Equation.2  ����
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	   Parameter	  Estimate	 	S. E.


�			(			24.64 		0.54


	      		(2			  2.56 		0.61


	      		(3  			  3.22 		0.56


	      		(2  			  1.34 		0.58


	      		(3  			  0.76 		0.58


�


	  Compare S.E.s when balanced:  0.57





�
Factorial designs with more than 2 levels





Example:  2 ( 2 ( 2  factorial  treatment design 





		Each of 3 factors has 2 levels.


		There are 8 combinations of levels. 








Examples with many factors





		Industrial and agriculture experiments


			sometimes 5 to 10 treatments.








Fractional Factorial Design





		To reduce samples sizes, some combinations 


		(treatments) may be omitted.   Often useful.  





		May miss learning about a crucial combination. 





�
Selecting  Levels  of  the  Factors





Number of levels?





	May be determined by cost considerations:


		more levels (  more treatments ( higher cost 





	May be determined by considerations of precision:


		if  total N is fixed,  then


		precision of each single comparison decreases 


		as  number of treatments increases.





Range of levels?





	Make wider than practically relevant if possible


	for continuous variables





�
Selecting  Factors





Number of factors?





	Costs





	Precision   (interactions?) 











Type of factors?





	Interventions


	


	Populations 











�
Parameterizations   for   Yi j k  =  (ij  +  e i j k





           “ANOVA”  			   (A   =   (1  -  (2


          ( 6 parameters )
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          “Reference-Cell”           (A   =   (2


           ( 4 parameters )
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“Reference Cell”  Parameterization


Y = X ( + e 











� EMBED "Equation" "Word Object2" \* mergeformat  ���


�
“Reference Cell”  Parameterization


Y  =  X (  +  e 








Representation  Using  Essence  Matrix (X)  


� EMBED "Equation" "Word Object2" \* mergeformat  ���





Representation  Using  Sub-Vectors  


� EMBED "Equation" "Word Object2" \* mergeformat  ���


�



Yate's  Parameterization





	Let   (.. =  ( (11 +  (12 + (21 + (22 ) / 4  





	and use it as the reference  ( instead of (11 ) 





� EMBED "Equation" "Word Object2" \* mergeformat  ���





The design matrix  has orthogonal columns only if the cells have  equal numbers of  EUs  assigned;  that is,


the data are  balanced.


�
Relationship Between  


“Reference Cell” and “Yates”  Parameters








� EMBED "Equation" "Word Object2" \* mergeformat  ���








� EMBED "Equation" "Word Object2" \* mergeformat  ���











�
Models Which Include an Interaction Term


