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�
Factorial Designs





Topics





1.	Evaluating several treatments simultaneously 


	instead of one at a time 





2.	Interactions and their effect  


	on precision and reporting
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�
Preliminary Example: 


Weighing Pairs of  Objects 





From Daniel’s book on industrial statistics.





Parameters of interest:


	� EMBED "Equation" "Word Object2" \* mergeformat  ���  =  “the unknown weight of the 1st   object”


	� EMBED "Equation" "Word Object2" \* mergeformat  ���  =  “the unknown weight of the 2nd  object”





Challenge: 		Weight the two objects as precisely 


				as possible by making exactly two


				measurements  using a set of scales:





�





We can assume that the errors (e) in our measurements are i.i.d. 


				� EMBED "Equation" "Word Object2" \* mergeformat  ���





Strategy #1:  Measure one object at a time





�








Left tray:	 object #1 


Right tray:  known counter weights 





� EMBED "Equation" "Word Object2" \* mergeformat  ���





Left tray:	 object #1 


Right tray:  known counter weights 





� EMBED "Equation" "Word Object2" \* mergeformat  ���








Precision of first measurement:   		� EMBED "Equation" "Word Object2" \* mergeformat  ���





Precision of second measurement: 	� EMBED Equation.2  ����
Linear model,  Y = X( + e





� EMBED "Equation" "Word Object2" \* mergeformat  ���








Least squares (MLE)


� EMBED "Equation" "Word Object2" \* mergeformat  ���


� EMBED "Equation" "Word Object2" \* mergeformat  ���


Accuracy





� EMBED "Equation" "Word Object2" \* mergeformat  ���             � EMBED "Equation" "Word Object2" \* mergeformat  ���





Precision of estimates


  	


� EMBED "Equation" "Word Object2" \* mergeformat  ���             � EMBED "Equation" "Word Object2" \* mergeformat  ���





�
Strategy #2:  Make simultaneous measurements





�





Left tray:	 object #1 and object #2 together


Right tray:  known counter weights 





� EMBED "Equation" "Word Object2" \* mergeformat  ���





Left tray: 	 object #1


Right tray:	 object #2 with known counter weights 





� EMBED "Equation" "Word Object2" \* mergeformat  ���








Precision of first measurement:   		� EMBED "Equation" "Word Object2" \* mergeformat  ���





Precision of second measurement: 	� EMBED Equation.2  ���





�
Linear model,  Y = X( + e





� EMBED "Equation" "Word Object2" \* mergeformat  ���





Least squares (MLE) 





� EMBED "Equation" "Word Object2" \* mergeformat  ���         � EMBED "Equation" "Word Object2" \* mergeformat  ���           


by normal equations,  columns are orthogonal 











Accuracy


� EMBED "Equation" "Word Object2" \* mergeformat  ���                  � EMBED "Equation" "Word Object2" \* mergeformat  ���





Precision


� EMBED "Equation" "Word Object2" \* mergeformat  ���        � EMBED "Equation" "Word Object2" \* mergeformat  ���       


Notes





To see why the variance of the estimators is � EMBED "Equation" "Word Object2" \* mergeformat  ���,  consider the following equations:





� EMBED "Equation" "Word Object2" \* mergeformat  ���








� EMBED "Equation" "Word Object2" \* mergeformat  ����





A key assumption for this result is that the variance of the measurement errors is constant.   In some fields of research this will not be true; instead,  error variance may be  proportional to the  mean value.

















�
2x2 Factorial Treatment Designs





Example


Study for Post-MI Depressed Patients 


(acronym is “ENRICHED”)


Factors


	A:  Cognitive behavior therapy for the patient


	B:  Health education  program  for the patient





Outcome (pick one)





	Y	=  “heart rate variability”


or


	Y	=  “left ventricular ejection fraction”


or


	Y	=  “indicator for death due to any 	cause,


			including  re-infarction,  ejection fraction”





Treatment effects





			� EMBED "Equation" "Word Object2" \* mergeformat  ��� benefit when  A is applied





			� EMBED "Equation" "Word Object2" \* mergeformat  ��� benefit when  B is applied


�
The Additive Model 





									Treatment


		Response					Combination





		� EMBED "Equation" "Word Object2" \* mergeformat  ���					Neither A or B





		� EMBED "Equation" "Word Object2" \* mergeformat  ���				A





		� EMBED "Equation" "Word Object2" \* mergeformat  ���				B





		� EMBED "Equation" "Word Object2" \* mergeformat  ���		A and B














Variance assumed constant (homoschedasticity)





			� EMBED "Equation" "Word Object2" \* mergeformat  ���			





�
Strategy #1:  Study one factor at a time











Study Factor A  in  Experiment 1  





				� EMBED "Equation" "Word Object2" \* mergeformat  ���		� EMBED "Equation" "Word Object2" \* mergeformat  ���        





Precision


		 		� EMBED "Equation" "Word Object2" \* mergeformat  ���














Study Factor B in Experiment 2	





				� EMBED "Equation" "Word Object2" \* mergeformat  ��� 		� EMBED "Equation" "Word Object2" \* mergeformat  ���





Precision


				� EMBED "Equation" "Word Object2" \* mergeformat  ���





�
Strategy #2:   Use a crossed-factors design 





One observation per treatment combination,  so  N=4.





								  Factor  B





�
�
No�
Yes�
�






              Factor   A   �



No�



Y11


�



Y12


�
�
�



Yes


�



Y21�



Y22�
�



Every level of B occurs with each level of A.





				� EMBED "Equation" "Word Object2" \* mergeformat  ���


	


				� EMBED "Equation" "Word Object2" \* mergeformat  ���





				� EMBED "Equation" "Word Object2" \* mergeformat  ���





				� EMBED "Equation" "Word Object2" \* mergeformat  ���  �
Parameter Estimators





� EMBED "Equation" "Word Object2" \* mergeformat  ���,   





� EMBED "Equation" "Word Object2" \* mergeformat  ���,   





Accuracy of Estimators


		Both are unbiased estimators 


		if the model is correct.





Precision of Estimates





� EMBED "Equation" "Word Object2" \* mergeformat  ���                � EMBED "Equation" "Word Object2" \* mergeformat  ���











�
								  Factor  B


�
�
No�
Yes�
�






                  Factor   A   �



No�



Y11 = .


�



Y12


�
�
�



Yes


�



Y21�



Y22�
�



Q1:  What if Y11 has a missing value ?  





Q2:  What if Y22 has a missing value ? 





Q3:  What about this design? ...


								       Factor  B


�
�
No�
Yes�
�






                 Factor   A   �



No�
 


  Y11a   Y11b �



Y12


�
�
�



Yes


�



Y21�



---�
�



 Replication improves percision 





		Assign more than one patient 


		to each treatment combination








Balanced Randomized Allocation





	Numbers of Patients 		  Factor  B





�
�
No�
Yes�
�






              Factor   A   �



No�



n


�



n


�
�
�



Yes


�



n�



n�
�



Total sample-size is  4n














Additive Model for CRD 	(randomized with balance)





								  Factor  B





�
�
No�
Yes�
�






              Factor   A   �



No�



Y11k


k=1,..,n�



Y12k


k=1,..,n�
�
�



Yes


�



Y21k


k=1,..,n�



Y22k


k=1,..,n�
�



Additive model   ( k = 1, 2,  . . . , n )





	� EMBED "Equation" "Word Object2" \* mergeformat  ���					� EMBED "Equation" "Word Object2" \* mergeformat  ���





	� EMBED "Equation" "Word Object2" \* mergeformat  ���				� EMBED "Equation" "Word Object2" \* mergeformat  ���





	� EMBED "Equation" "Word Object2" \* mergeformat  ���				� EMBED "Equation" "Word Object2" \* mergeformat  ���





	� EMBED "Equation" "Word Object2" \* mergeformat  ���		� EMBED "Equation" "Word Object2" \* mergeformat  ���








Estimators





� EMBED "Equation" "Word Object2" \* mergeformat  ���,    





� EMBED "Equation" "Word Object2" \* mergeformat  ���, 











Accuracy of Estimators





			Both are unbiased estimators


			if the model is correct








Precision of Estimators





� EMBED "Equation" "Word Object2" \* mergeformat  ���              � EMBED "Equation" "Word Object2" \* mergeformat  ���





�
Statistical Interaction





Additive Model for CRD 	


(randomized with balance)


   							          Factor  B





�
�
No�
Yes�
�






              Factor   A   �



No�



Y11k


k=1,..,n�



Y12k


k=1,..,n�
�
�



Yes


�



Y21k


k=1,..,n�



Y22k


k=1,..,n�
�



Model which allows for “interaction”





� EMBED "Equation" "Word Object2" \* mergeformat  ���					 � EMBED "Equation" "Word Object2" \* mergeformat  ���


� EMBED "Equation" "Word Object2" \* mergeformat  ���				 � EMBED "Equation" "Word Object2" \* mergeformat  ���


� EMBED "Equation" "Word Object2" \* mergeformat  ���				 � EMBED "Equation" "Word Object2" \* mergeformat  ���





� EMBED "Equation" "Word Object2" \* mergeformat  ���	 � EMBED "Equation" "Word Object2" \* mergeformat  ���


��


�
Interpretation of  the Interaction





Effect  of  intervening  with  A





	� EMBED Equation.2  ���   	if B was applied


	� EMBED Equation.2  ���            	if B not applied





	� EMBED "Equation" "Word Object2" \* mergeformat  ���  =    “the difference between 


			   the A-effect with B and 


			   the A-effect without B”








Effect  of  intervening  with  B





	� EMBED Equation.2  ���    	if A was applied


	� EMBED Equation.2  ���           		if A not applied





	� EMBED "Equation" "Word Object2" \* mergeformat  ��� = 	“the difference between 


			  the B-effect with A and 


			  the B-effect without A”








	There is no single "effect of A";   rather,  the


	effect of A depends on whether B is present.





	There is no single "effect of B";   rather,  the


	effect of B depends on whether A is present.





Accuracy   


	The estimators are unbiased if model is correct.








Precision of estimators 





	All effect comparisons based on 2*n observations





	Precision for “the A effect when B is not present.”





� EMBED Equation.2  ���





	No gain over one-at-a time experiments





	However,  information about the interaction


	becomes available.


�
Why are factorial designs 


not used more in Biostatistics?














Interactions can have severe consequences








Additional treatments can cost money to apply








The treatment combinations may be hard to explain to patients and decrease recruitment and compliance





Some treatment combinations may be unethical


�
Different populations and outcomes
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