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[Score Functions and Estimating Equations |

A parameter 1) ( P) of particular interest is the parametric component 6 of

a semiparametric model
{Ppn:0€0,ne H},

where © is an open subset of R” and H is an arbitrary set that may be

infinite dimensional.

Tangent sets can be used to develop an efficient estimator for

(Pp,,) = 0 through the formation of an efficient score function.
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In this setting, we consider submodels of the form {P9_|_ta,r,7t7t - NE}

that are differentiable in quadratic mean with score function

0 lOg dP@—I—ta,nt
ot 40

— a/éQ,n + g,

where
o q c R¥

° égm . X — R¥ is the ordinary score for # when 7 is fixed,

e and where g : X — R is an element of a tangent set 7.31(32)77 for the

submodel
Py = {Pg’n:UEH}

(holding 6 fixed).
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This tangent set is the tangent set for 7 and should be rich enough to

reflect all parametric submodels of Py.

The tangent set for the full model is

Pp,, = {a’éem +g:acRF gc Pl(gz)n} .
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While w(PH—I—ta,m) = 0 + ta is clearly differentiable with respect to ¢, we

also require that there there exists a function zﬁgm . X — R such that

W (P0+ta,77t )
ot t=0

= a = Pldy (fotg)|, o

foralla € RF andall g € 751(32)

N

After setting a = 0, we see that such a function must be uncorrelated with
all of the elements of 7.7](377) :
0,m
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Define Hgm to be the orthogonal projection onto the closed linear span of

PE in LY(Py.).

The efficient score function for 0 is
69,77 — 69,77 - H9ﬂ7£9ﬂ77
while the efficient information matrix for 0 is

%mzPVM%A-
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Provided that INQ,n Is nonsingular, the function
Jon = Iy}
0.1 0,nt0:n
(1)
.

satisfies (1) for all @ € R* and all g e 75P
n

Thus the functional (parameter) (P, ,,) = 0 is differentiable at Py ,,

relative to the tangent set 7jp9 ,» With efficient influence function Yo -
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Recall that the search for an efficient estimator of € is over if one can find

an estimator 1, satisfying

\/E(Tn — 9) — \/ﬁpn@EG,n + OP(l)-

Note that
~ . . /
19,?7 — 19,?7 - P [H&ng@m (H&ng@m) ] )

where
loy =P [éﬁmé,@,n] -
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An intuitive justification for the form of the efficient score is that some

information for estimating 6 is lost due to a lack of knowledge about 7.

The amount subtracted off of the efficient score, Hg,nég,n, is the minimum

possible amount for regular estimators when 77 is unknown.



Empirical Processes: Lecture 25 Spring, 2010

Consider again the semiparametric regression model:
Y =067 +e,
where
e E[e|Z] = 0 and E[e?|Z] < K < oo almost surely,
e and where we observe (Y, Z),

e with the joint density 7 of (e, Z) satisfying |, en(e, Z)de = 0

almost surely.

10
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Assume 7) has partial derivative with respect to the first argument, 71,

satisfying
1
N e Ly(Ps,).
7
and hence .
m

; S Lg(Pﬁ,n)a

where P ,, is the joint distribution of (Y, Z).

The Euclidean parameter of interest in this semiparametric model is

6= 6.

11
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The score for 3, assuming 77 is known, is

lon=—Z(in/m(Y —B'2,2),

where we use the shorthand (f/g)(u,v) = f(u,v)/g(u,v) for ratios

of functions.

One can show that the tangent set 75](37;) for 7 is the subset of LY (Pg )
)7
which consists of all functions g(e, Z) € LJ(Pg,,) which satisfy

Jregle, Z)n(e, Z)de

clegle, )12 = B

= 0,

almost surely.

12
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One can also show that this set is the orthocomplement in L5 (Pg,,) of all
functions of the form e f(Z), where f satisfies Pg ,, f*(Z) < oo.

This means that

gﬁ,n = (- Hﬁ,n)éﬂm
is the projection in L9 (Pg ) of —Z (11 /n)(e, Z) onto
{ef(Z) : P3nf?(Z) < oo}, where I is the identity.

13



Empirical Processes: Lecture 25 Spring, 2010

Thus
. —Ze |, m(e, Z)ede
lg.0 (Y, Z) R
o Pg [e2|Z]
B Ze(—1) B Z(Y —p'72)
Panl?2] ~ Po, 2]
where

e the second-to-last step follows from the identity

0 [ n(te, Z)d
[ iner2yede = Lante D]
K ot .

e and the last step follows sincee = Y — 3'Z7.

14
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When the function z — Pg ,[e?|Z = 2] is non-constant in z,
o (3, (Y,Z) is not proportional to Z(Y — 3'Z),

e and the usual least-squares estimator B will not be efficient.

This is discussed in greater detail in Chapter 4.

15
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Two very useful tools for computing efficient scores are score and

information operators.

Returning to the generic semiparametric model {Pgﬂ7 :0e0,ne H}
sometimes it is easier to represent an element g in the tangent set for 7,
57

73](30?77, as By ,b, where

e b is an element of another set Hn and

e By , is an operator satisfying

b = {Byyb:beHy,}.

16
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Such an operator is a score operator.

The information operator is:

By, By, : Hy v Tin H,,.

It B, nt,n has an inverse, then it can be shown that the efficient score

for 6 has the form

~ % -1 * .
Z0,?7 — (I - BG,n [30,7739,77] B@,n) 69,77-

17
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To illustrate these methods, consider again the Cox model for

right-censored data.

Recall in this setting that we observe a sample of n realizations of
X = (V,d, Z), where

o V=TANC,

o d=1{V =T},

e 7 € RF is a covariate vector,
e ['is a failure time, and

e (' is a censoring time.

18
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We also assume
e that I’ and C' are independent given Z,
e that 7" given Z has integrated hazard function eﬁlZA(t),
e for 3 in an open subset B C R¥
e and A is continuous and monotone increasing with A(0) = 0,

e and that the censoring distribution does not depend on (3 or A (i.e.,

censoring is uninformative).

19
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Recall also the counting and at-risk processes N (t) = 1{V < t}d and
Y(t) =1{V > t}, and let

M(t) = N(t) — /0 Y (s)e®ZdA(s).

For some 0 < 7 < oo with P{C > 7} > 0, let H be the set of all A’s

satisfying our criteria with A(7) < o0.

Now the set of models P is indexed by 3 € Band A € H.

20
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We let P3 4 be the distribution of (V, d, Z) corresponding to the given

parameters.

The likelihood for a single observation is thus proportional to
/ d /
poa(X) = [7ZAWV)| exp [—e"ZA(V)].

where \ is the derivative of A.

21
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Now let L2(A) be the set of measurable functions b : [0, 7] — R with

/ "B (s)dA(s) < co.

0

Note that if b € Lo(A) is bounded, then
Ai(s) = / e?WdA(u) € H
0

for all £.

22
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The score function
a lOg pﬁ—l—ta,,At (X)
ot

t=0
Is thus

/OT a'Z +b(s)| dM (s),

for any a € R¥.

23
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The score function for 3 is therefore

while the score function for A is

| vs)amcs).

In fact, one can show that there exists one-dimensional submodels A;

such that log pg1q,A, is differentiable with score

ipn(X) + [ b)),
0
forany b € Lo(A) and a € RF.

24
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The operator

Bg,p : La(A) = Ly(Ps,p),
given by

Boa(®) = | bs)aM(s),

is the score operator which generates the tangent set for A,

.(A

P ={Bgab: b€ Ly(A)}.

Y

It can be shown that this tangent space spans all square-integrable score

functions for A generated by parametric submodels.

25
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The adjoint operator can be shown to be
Bj A+ La(Pga) — La(A),
where

B al)(t) = AL

The information operator

B ABga : La(A) — La(A)

26
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Is thus

Pga |y b(s)dM (s)dM (u)]
dA(u)

= Pa |Y(0)e" | b(0),

BZ},ABﬁ,A (b) (t) —

using martingale methods.

27
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Since

By (fan) () = Pan |2V (177,

we have that the efficient score for (3 is

i * DN
lpa = (1= Bon [B5aBaal ™ Bia) foa @)

y

ISk
0

\

Poa | 2Y (t)e? 7]

Py a [Y(t)el ]

M (1).

/

28
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When
Ign = Pp [gﬁ,/\@i,A}

is positive definite, the resulting efficient influence function is

~ ~ ~

Ye A =

29
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Since the estimator ﬁAn obtained from maximizing the partial likelihood

n / d’L
L® = ] i §
' T\ X Y 2 Vi 4

1=1

can be shown to satisfy

V(Bn — B) = VnPpibg a + op(1),

this estimator is efficient.

30
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Returning to our discussion of score and information operators, these
operators are also useful for generating scores for the entire model, not

just for the nuisance component.

With semiparametric models having score functions of the form
a’ég,n + By 5,
fora € RF and b € IH,,, we can define a new operator
Agp: {(a,b) :a € R¥ b clinH,} — LI(Pp,)

where
Ag,n(a, b) — a/égm + B@)nb.

31
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More generally, we can define the score operator
Ayt linH,, — La(Py)
for the model { P, : n € H }, where
e [1 indexes the entire model

e and may include both parametric and nonparametric components,

e and where lin Hn indexes directions in H.

Let the parameter of interest be ¢(P,)) = x(n) € R

32
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We assume there exists a linear operator
X :linlH, — R
such that, for every b € lin Hn, there exists a one-dimensional submodel
{Pp, :m € H,t € N}

satisfying

/

ast | 0,and

2
(dPy,)'"? — (dPy)'/?

t

— 0,

1
N §Anb(dpn)1/2

33
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We require H,, to be a Hilbert space with inner product (-, -) .

The efficient influence function is the solution
7 D) 0
Vvp, € R(Ay) C Ly(FPy)
of
A;an — )2?77 (4)
where X, € I, satisfies
<>2?77 b>77 — Xﬁ(b)

forall b € H,,.

34
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When A;;An is invertible, then the solution to (4) can be written

~

wpn = Ay (A;;An)

1 ~
Xn-

In Chapter 4, we utilized this approach to derive efficient estimators for all

parameters of the Cox model.

35
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Returning to the semiparametric model setting, where
o P={FP,:0c0O,nec H},
e O is an open subset of R, and
e H is a set,

the efficient score can be used to derive estimating equations for

computing efficient estimators of 6.

36
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Recall that an estimating equation is a data dependent function

U, : © — R” for which an approximate zero yields a Z-estimator for 6.

When U ,,(6) has the form Pnéé _» Where 25 (X[ X1,...,Xy)isa
function for the generic observation X which depends on the value of 0
and the sample data X1, ..., X,,, we have the following estimating

equation result:

37
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THEOREM 1. Suppose that the model { Py, : 0 € ©}, where © C RF,
is differentiable in quadratic mean with respect to 6 at (6, 7) and let the

efficient information matrix I 0,n be nonsingular.
Let 0,, satisfy \/nP,! 6. » = opr(1) and be consistent for 6.

Also assume that é 5 Is contained in a Pgm-Donsker class with

%)

probability tending to 1 and that the following conditions hold:

Py, oo, = op(n' 2 + 16, —6])), )
. _ 2 b .2
Py 105 —egmH Lo, 4 =0r0). ©

38
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Then 0,, is asymptotically efficient at (0,1n).

39
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Returning to the Cox model example, the profile likelihood score is the
partial likelihood score W, (/3) = Pnég ~» Where

B,n<X = (V,d, Z)| X1,...,Xn)
(

, P, [ZY(t)eB'Z} ‘
B /0 I ¥ (1) 7] r AMj(8),

/

and

We showed in Chapter 4 that all the conditions of Theorem 1 are satisfied
for the root of U, (3) = 0, (,,, and thus the partial likelihood yields

efficient estimation of (3.

40
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(Maximum Likelihood Estimation )

The most common approach to efficient estimation is based on
modifications of maximum likelihood estimation that lead to efficient

estimates.

These modifications, which we will call “likelihoods,” are generally not
really likelihoods (products of densities) because of complications resulting

from the presence of an infinite dimensional nuisance parameter.

Recall the setting of estimation of an unknown real density f(x) from an

i.i.d. sample X1,...,.X,.

41
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The likelihood is [ ['—_; f(X;), and the maximizer over all densities has
arbitrarily high peaks at the observations, with zero at the other values,

and is therefore not a density.

This problem can be fixed by using an empirical likelihood H;-lzl Di, Where
p1i,- .., Pn are the masses assigned to the observations indexed by

1 = 1,...,n and are constrained to satisfy Z?:l p; = 1.

This leads to the empirical distribution function estimator, which is known

to be fully efficient.

42
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Consider again the Cox model for right-censored data explored in the

previous section.

The density for a single observation X = (V, d, Z) is proportional to

[eﬁlZA(V)] ! exp [—eﬁlZA(V)] .

Maximizing the likelihood based on this density will result in the same

problem raised in the previous paragraph.

43



Empirical Processes: Lecture 25 Spring, 2010

A likelihood that works is the following, which assigns mass only at

observed failure times:

n

L ( H { BZi ANV, )} i exp [—eﬁlZiA(Vi)} , (7)

=1

where AA(t) is the jump size of A at ¢.

For each value of 3, one can maximize or profile L, (3, A) over the
“nuisance” parameter A to obtain the profile likelihood pL., (), which for

the Cox model is exp [— > ., d;] times the partial likelihood (3).

44
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Let 3 be the maximizer of pLy, (53).

Then the maximizer A of L B ) is the “Breslow estimator”

/ eﬁ’Z]

We showed in Chapter 4 that B and A are both efficient.

45
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Another useful class of likelihood variants are penalized likelihoods.

Penalized likelihoods add a penalty term (or terms) in order to maintain an
appropriate level of smoothness for one or more of the nuisance

parameters.

This method was used in the partly linear logistic regression model

described in Chapter 1.

Other methods of generating likelihood variants that work are possible.

46
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The basic idea is that using the likelihood principle to guide estimation of
semiparametric models often leads to efficient estimators for the model

components which are /n consistent.

Because of the richness of this approach to estimation, one needs to verify
for each new situation that a likelihood-inspired estimator is consistent,

efficient and well-behaved for moderate sample sizes.

Veritying efficiency usually entails demonstrating that the estimator

satisfies the efficient score equation described in the previous section.

47
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(Approximately Least-Favorable Submodels |

One of the key challenges in this setting is to ensure that the efficient score

is a derivative of the chosen log likelihood along some submodel.

Something helpful in this setting are approximately least-favorable

submodels.

48
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The basic idea is to find a function 7;(6, ) such that

e 19(0,n) =n,forall@ € ©andn € H, where 1:(6,n) € H forall t

small enough, and such that

® Rggno = 290,770’ where

~ al@ t,n: (0, (x)
l{,g,n(.flﬁ') — i 778; ") )
t=0

lo.n () is the log-likelihood for the observed value z at the parameters

(0,n), and where (6g, 1) are the true parameter values.

Note that we require kg, = gg’n only when (6, 71) = (6p,10).

49
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A

If (6, M)y, ) is the maximum likelihood estimator, i.e., the maximizer of

P\ lg. 1, then the function

t = ]P)nlén +t,m¢ (én aﬁn)

A

is maximal at t = 0, and thus (60,,, 7),,) is a zero of Pni’%éﬁ-

Now if §,, and
o = R,
satisfy the conditions of Theorem 1 at (6, 7) = (6p, 1), then the

maximum likelihood estimator 6,, is asymptotically efficient at (6o, m0).

50
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Consider now the maximum likelihood estimator én based on maximizing

the joint empirical log-likelihood

where [(-, -) is the log-likelihood for a single observation.

For now, 17 will be regarded as a nuisance parameter, and thus we can

restrict our attention to the profile log-likelihood

0 — pLy(0) = sup Ly, (0, 7).
n

Note that L,, is a sum and not an average, since we multiplied the
empirical measure by n.

51
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While the solution of an efficient score equation need not be a maximum
likelihood estimator, it is also possible that the maximum likelihood
estimator in a semiparametric model may not be expressible as the zero of

an efficient score equation.

This possibility occurs because the efficient score is a projection, and, as
such, there is no assurance that this projection is the derivative of the

log-likelihood along a submodel.

This is the main issue that motivates approximately least-favorable

submodels.

52
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An approximately least-favorable submodel approximates the true
least-favorable submodel to a useful level of accuracy that facilitates

analysis of semiparametric estimators.

We will now describe this process in generality: the specifics will depend

on the situation.

As mentioned previously, we first need a general map from the
neighborhood of 6 into the parameter set for 77, which map we will denote
by t +— 1¢(0, 1), for t € R¥.

53
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We require that

n:(0,m) € H, forall||t — 0| small enough, and (8)
ng(6,m) = n forany (8,1) € © x H,

where H is a suitable enlargement of H that includes all estimators that

satisfy the constraints of the estimation process.

Now define the map

£(t,0,n) =1(t,n(0,m))-

54
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We will require several things of E(-, > ) at various point in our

discussion, that will result in further restrictions on 7;:(6, 7).

Define
: 0
0(t,0,n) = —L(t,0,n),
( Y 777) 6-{;) ( Y 777)
and let
lo.n = (6,6, 1).
Clearly, Pnéé = 0, and thus én is efficient for 6, provided ég,n

Ty

satisfies the conditions of Theorem 1.

55
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The reason it is necessary to check this even for maximum likelihood
estimators is that, as mentioned previously, 7),, is often on the boundary (or

even a little bit outside of) the parameter space.

Recall again the Cox model setting for right censored data.

56
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In this case, 1) is the baseline integrated hazard function which is usually

assumed to be continuous.

However, 7),, is the Breslow estimator, which is a right-continuous step
function with jumps at observed failure times and is therefore not in the

parameter space.

Thus direct differentiation of the log-likelihood at the maximum likelihood

estimator will not yield an efficient score equation.

57
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We will also require that

0(00,00,m0) = Logno- (9)

Note that we are only insisting that this identity holds at the true parameter

values.

This approximately least-favorable submodel structure is very useful for

developing methods of inference for 6.
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